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ON CERTAIN GLOBAL CONSTRUCTIONS OF AUTOMORPHIC FORMS 
RELATED TO SMALL REPRESENTATIONS OF F4 

DAVID GINZBURG 
To the memory of S. Rallis 


Abstract. In this paper we consider some global constructions of liftings of automorphic 
representations attached to some commuting pairs in the exceptional group A 4 . We consider 
two families of integrals. The first uses the minimal representation on the double cover of 
F 4 , and in the second we consider examples of integrals of descent type associated with 
unipotent orbits of F 4 . 


1. Introduction 

One of the important aspects of the Langlands conjectures is the study of correspondence 
of automorphic representations between two groups. Let H and G be two linear algebraic 
groups dehned over a global held F. Given a homomorphism between the L groups of 
these two groups, the general conjectures predict a functorial lifting between automorphic 
representations of H and G. 

There are several ways to study lifting of automorphic representations between two groups. 
Two powerful methods are the converse Theorem and the Arthur trace formula. The strength 
of these methods are their generality. On the other hand these methods are not explicit, 
in the sense that they do not actually construct the correspondence, but rather prove its 
existence. 

A third method to construct these liftings is what we refer to as the small representations 
method. The idea of this method is as follows. Let M be a reductive group. Suppose that 
we can embed the groups G and iL as a commuting pair inside M. By that we mean that we 
can embed these two groups inside M and under this embedding the two groups commute 
one with the other. Let 0 denote an automorphic representation of M(A). Here A is the 
ring of adeles of a global held F. Let vr denote an automorphic representation of H{A). 
Then one can construct an automorphic function of G{A) by means of the integral 

( 1 ) f{g)= j j ipM^iv{h,g))'ipv{v)dvdh 

HiF)\H{A) ViF)\ViA) 
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Here H is a certain unipotent subgroup of M which is normalized by the embedding of G 
and H. Also 'ipv is a character of V which is preserved by these two groups. Finally, the 
function is a vector in the space of vr, and 6^ is a vector in the space of 0. Assuming that 
the above integral converges (this will happen, for example, if vr is a cuspidal representation), 
denote by (j(7r, 0) the automorphic representation of G(A) generated by all functions f{g) 
dehned above. The above discussion can be easily extended to automorphic representations 
of metaplectic covering groups of algebraic groups. Obviously, when considering integrals 
of the type of ([T]) dehned over metaplectic covering groups, one should make sure that the 
cover splits. Otherwise the integrals will not be well dehned. 

Given the above construction, there are several natural problems regarding the relations 
between the representations vr and (j(7r, 0). The hrst problem is the issue of the cuspidality 
of (T(7r, 0). In other words, what are the conditions on vr and 0, if any, so that ( 7 ( 71 , 0) will 
be a cuspidal representation of G(A). The second problem is to understand when 7 ( 71 , Q) 
is nonzero. The third problem is to study the functoriality of the lift. Assume, for example, 
that 7 ( 77 , 0) is a direct sum of irreducible automorphic representations. Then, one wants 
to check the relations between the unramihed constituents of vr and 0 with those of each 
irreducible summand of 7 ( 77 , 0 ). There are other problems one can study. For example, 
when is the representation 7(77, 0) irreducible. Another interesting problem is to try to 
characterize the image of the lift by means of a period integral. However, the above three 
problems are the basic ones, and should be studied prior to anything else. The machinery for 
studying these issues is quite routine. To verify cuspidality one needs to study the constant 
terms along unipotent radicals of maximal parabolic subgroups of G. The nonvanishing of 
the lift is usually done by showing that the function f(g) has a certain nonzero Fourier 
coefficient. The unramihed computation is done by the study of certain bilinear or trilinear 
forms. 

We consider a few examples. There are two extreme cases. The hrst one is when the 
unipotent group is trivial. In this case integral ([T]) is given by 

(2) f{9)= j ^^(h)e((h,g))dh 

H(F)\H(A) 

The most well known example of this type is when M is the double cover of the symplectic 

group. In this example H is an orthogonal group and G itself is a symplectic group or 

its double cover. The representation 0 is the minimal representation which is dehned on 

the double cover of M(A). This case was studied by many authors. A reference for this 

example can be found in [Rj. Other cases which involve the minimal representation can be 

found in |G-R,-S4j where the group M is one of the exceptional groups of type Eq, E-j and 
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E^. We remark that there are constructions given by ([2]) which do not involve the minimal 
representation. Some cases in |G2j are such. 

The other extreme case is when the group H is the trivial group. Thus, integral ([T]) is 
then given by 

(3) f{g) = J e{vg)'tl)v{v)dv 

V(F)\V(A) 

In this case, which is known as the descent method, there is an automorphic representation vr 
which is built inside the representation 0. An example of this type can be found in jG-R-S2j . 
IG-R-S3] and |G-R-S7j . 

Finally, there are also examples where both groups H and V are nonzero. See for example 
[G2], IG3] and jG4] . 

Prior to any computations it is natural to ask the question of how to construct lifting using 
integral ([T]). In other words, one would like to look for systematic ways to construct such 
examples. To give some heuristic of how to hnd such examples, it is convenient to use the 
language of unipotent orbits. In |G1] . one associates with a unipotent orbit of a reductive 
group, a set of Fourier coefficients. This is done for the classical groups, however it is done in 
a similar way for the exceptional groups. In fact, in this paper, we work out this association 
in the case of the F split exceptional group F 4 . Let a denote an automorphic representation 
of a reductive group L. To this data we attach a set of unipotent orbits which we denote 
by (^^(cr). We say that O G CIl(o') if a has no nonzero Fourier coefficient associated with 
any unipotent orbit O' which is greater than O. Also, the representation a has a nonzero 
Fourier coefficient associated with the unipotent orbit O. For more details on this set see 
EH. It is not known if OL{a) can contain more than one element. However, if it does 
contain only one element, this means that a has no nonzero Fourier coefficient associated 
with any unipotent orbit which is greater than or not related to (^^(cr). Henceforth we shall 
assume that for all representations in question, this set consists of one element. We can then 
dehne the dimension of the representation a to be dimer = |dim(P£,(cr). For basic properties 
of unipotent orbits and their dimensions, see |C-M] . 

To explain our method, let H and G be two reductive groups such that there is a homo¬ 
morphism from to ^G. Let vr denote an irreducible cuspidal representation of the group 
H{A). Suppose that one can construct an automorphic representation 0 on a group M(A), 
and assume that cr{7i, 0), as dehned by integral ([1]), is a functorial lift from n corresponding 
to the above L group homomorphism. Then, in all known cases, the following dimension 
identity holds, 

(4) dimTT -|- dim0 = dimiL -|- dimH -|- dimcr( 7 r, 0) 
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It is important to emphasize that we do not claim that for any setup which satisfy equation 
(P|). then integral ([T]) will give a functorial correspondence. In these notations we view the 
descent method as a limit case when H is the identity group, and hence its dimension is 
zero, and hence dimTr = 0 . 

To make things clear, we consider a few examples. Let H = S02n he the split orthogonal 
group, and let G = Sp 2 n- Then we have the L group homomorphism from S02n{G) to 
S' 02 n+i(C). Let M = S'p 4 „ 2 , the double cover of the symplectic group. Let 0 denote the 
minimal representation of M(A). Let tt denote a generic irreducible cuspidal representation 
of H{A). Then, it follows from [R], that integral ([ 2 ]) produces a functorial correspondence, 
and one can show that cr(7r, 0) is a generic representation as well. We verify identity (jl]) 
for this case. Indeed, in this case we have dimvr = — n, dim0 = 2 ? 7 ,^, dimiL = 2n^ — n, 

and dimcT( 7 r, 0) = The dimension of these representations are derived from the general 
formula for dimension of unipotent orbits as given in |C-Mj . Thus, since vr is generic, then 
Oso 2 ni'^) — ((2^ ~ 1)1)- The dimension of this orbit is 2{n‘^ — n) and hence dimTr = ri^ — n. 
The representation 0 is associated with the minimal orbit which is (21^"'^“^) and hence, it 
follows from |C-M] that its dimension is 2n^. It is now easy to verify identity ([1]) in this case. 

As another example of this type, consider the case when H = PGL^ and G = G 2 - Here, 0 
is the minimal representation of the exceptional group Eq{A). It follows from |G-R-S4] that 
if TT is an irreducible cuspidal representation of PGL^{A), and hence generic, then integral 
(1^ produces a functorial lifting with 0) being generic. Since dimrr = 3, dim0 = 
11 , dimPGLa = 8 and dim(T( 7 r, 0 ) = 6 , it follows that identity (| 1 ]) holds. 

As an another example we consider an example of a construction which is a descent 
construction, that is, uses the lifting as given by ([3]). Consider the case given in |G-R-S2] 
and |G-R-S3j . In this case one obtains the descent from cuspidal representations of GL 2 n{A) 
to cuspidal generic representations of Sp 2 n{A). Even though the integral given for the descent 
in the above references involves also the theta representation of Sp 2 n{A), it does not alter 
the identity (jl]). In the beginning of Section 4 we study in details these type of constructions. 
In the construction of the descent in this example, 0 is a certain residue of an Eisenstein 
series, and one can show ( see |G-R-S7] i that this residue is attached to the unipotent orbit 
((2 ?t,)^) of Spin- Thus dim0 = 4n^ — n. The dimension of V is 3n^ — n, and since (j( 7 r, 0) is 
generic it follows that dimer( tt, 0) = n^. Thus identity (jll) holds. Strictly speaking this lift 
is not a functorial lift which corresponds to some L groups homomorphism. However, one 
can view it as an inverse map to the L group homomorphism from Sp 2 n{C) to GL 2 n{C). 

In this paper we consider examples in the exceptional group F^, of global constructions as 
given by integrals ([2]) and ([3]) which satisfy the dimension equation (jll). More specihcally. 
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in the notations of integrals (EJ and ([3]), we will consider such integrals where M = F 4 . Our 
main concern in this paper is to hnd conditions when such a construction produces a cuspidal 
image, and under what conditions the construction is nonzero. As follows from the beginning 
of Section three, in almost all global integrals of the type of integral ([2]), which satisfy the 
dimension equation (jl]), the representation 0 needs to be a minimal representation. In 
other words, we need 0{Q) = Ai. Section two is mainly devoted to the construction of 
such a representation on the double cover of F 4 , and the study of its basic properties. This 
representation is dehned as a certain residue of an Eisenstein series, essentially induced 
from the Borel subgroup. In addition, in that Section we also collect information about the 
structure of the Fourier coefficients of automorphic representations of F 4 {A) and its double 
cover. 

In Section three we study integral ([2]) for Eve commuting pairs inside F4. The pairs are 
(SLsxSL^)] {SL 2 X SL 2 , Sp 4 )-, {SL 2 ,SL 4 )-, (AOs, G 2 ) and (S'L 2 , S'pe)- In each case we study 
when the lifting from one to the other is cuspidal, and give a condition when it is nonzero. 
The computations are straightforward and use the properties of the minimal representation 
as were established in Section two. 

In Section four we consider the descent map, that is integral ([3]) for some unipotent orbits 
of F4. At subsection 4.1 we list all possible unipotent orbits of F4, and using the dimension 
equation flHTl) . which is a variant of the dimension equation (|1]), we obtain conditions on the 
the dimension of the automorphic representation involved in the construction. In subsection 
4.2 we £x notations and some preliminary results concerning the nature of the answer we 
expect to get using the descent map. Finally, in subsection 4.3 we consider some examples 
in detail. That is, we study conditions for integral (jS]) to dehne a cuspidal representation, 
and conditions for the nonvanishing of the descent. The examples we choose to carry out 
are chosen mainly by our belief that they are of some interest. 

As can be seen the missing ingredient in this paper is the local unramihed theory. The 
main reason for this is that this issue is different in nature from the issue of cuspidality 
and the nonvanishing. Indeed, one of our goals in this paper is to show that when studying 
cuspidality and nonvanishing, the answer can be phrased in terms of the structure of the 
unipotent orbits of the group in question. In other words, when studying these two properties, 
the only ingredients we need to know about the automorphic representation 0 is what Fourier 
coefficients it supports. However, in subsection 3.6 we give a conjecture about the functorail 
lifting of each of the above hve commuting pairs. 
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In Section five, we construct two examples of automorphic representations which are at¬ 
tached to specihc unipotent orbits in F 4 . As can be seen, unramihed considerations do enter 
the calculations. 


2. The Minimal Representation of F 4 

2.1. General Notations. For 1 < i < 4, let Oj denote the four simple roots of F 4 . We 
label the roots of F 4 according to the diagram 

ai OL2 OLZ 

0 - 0 ==>== 0 - 0 


Here oi, 02 are the long simple roots and 03 , 04 are the short simple roots. 

Given a root, positive or negative, we denote by {xa{r)} the one dimensional unipotent 
subgroup attached to the root a. For 1 < i < 4, let hj(tj) denote the one dimensional 
torus in F 4 which is associated to the SL 2 generated by < a;±Q,. (r) >. Then h(ti, ^ 2 , G, G) = 
n^=i hi(ti) is the maximal split torus of F 4 . For 1 < i < 4, we shall denote by w[i] the 
simple reflection which corresponds to the simple root a*. We shall write w[iii 2 ■ ■ -im] for 
w[ii]w[i 2 ]. ..w[im\- 

Let F be a global field, and let A be its ring of adeles. By tjj we denote a nontrivial 
character of F\A. We shall denote by Jn the matrix of order n which has ones on the other 
diagonal and zero elsewhere. The matrix will denote a matrix of order n which has one 
at the (i, j) entry, and zero elsewhere. 

We denote by F 4 the double cover of F 4 . The construction of this group and its basic 
properties follows from [M] . 

Many of the computations done in this paper require the knowledge of commutating 
relations and conjugations which involves one parameter unipotent subgroups. We refer to 
103 from which all the relevant data can be extracted. 

Given an automorphic representation tt and a unipotent subgroup V, we denote by its 
constant term along V. Here is a vector in the space of tt. In other words, we denote 




(p^(vg)dv 


V(F)\V(A) 

In this paper we consider unipotent groups 1/ and characters 'ipu which are dehned on the 
group U{F)\U{A). Typically, these unipotent subgroups will be generated by one dimen¬ 
sional unipotent subgroups Xy{r) where 7 is a positive root. For example, suppose that 
U is the one dimensional subgroup associated with the root 7 . In this case we shall write 
U = {x^{r) : r G R} where i? is a certain ring. When the ring R is clear we shall write 
U = {x^{r)} for short. Given roots 71 ,..., 7 ^, positive or negative, we shall denote by 
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< (r),..., (r) > the group generated by all one dimensional unipotent subgroups 

x^^ir). 

A convenient way to describe the character is as follows. Let 71 ,..., 7 ^ denote I positive 
roots of F 4 , and assume that the one dimensional unipotent subgroup x^^{ri) are all in U but 
not in [U, U]. Given u & U, write u = x^^{ri).. .x^^{rl)u' where u' eU is any element which 
when written as a product of one dimensional unipotent subgroups associated with positive 
roots, then none of these roots are 71 ,..., 7 ^. Then dehne ^Juiu) = 'ipuix^^ (ri ).. .x^^ {j'i)u') = 
'0(airi + • • ■ + aiTi). Here Oj G F*. 


2.2. Unipotent Orbits and Fourier Coefficients in F 4 . In this subsection, let G = F 4 . 

In this part we will describe how to associate to a given unipotent orbit in G, a set of Fourier 
coefficients. In [HI] it is explained how to construct this correspondence for automorphic 
representations of the classical groups. Another reference which studies unipotent orbits and 
Fourier coefficients for the group F 4 is IS31. 

According to the Bala-Carter classihcation, each unipotent orbit is represented by a dia¬ 
gram of G whose nodes are labelled by the numbers zero, one and two. We shall denote these 
numbers by e* for all 1 < i < 4. A list of the possible diagrams can be found, for example, in 
n page 401. As usual an unlabelled node in the diagram corresponds to the number zero. 
Henceforth, we identify the set of unipotent orbits with the set of all such diagrams. 

We associate to each diagram a set of Fourier coefficients. Let P be a parabolic subgroup 
of G. We list the parabolic subgroups of G according to the unipotent elements of the form 
x±Q,.(r) which are contained in the Levi part of the parabolic subgroup. Thus for example, 
we denote by Pa^ the parabolic subgroup whose Levi part is generated by < x±aj(r),T > 
where T is the maximal split torus of G. With these notations, the four maximal parabolic 
subgroups of G are Pai,a 2 ,a 3 , Pqi,q 2 ,« 4 ) Pai,a 3 ,ai and Pq 2 , 03 , 04 . A similar notation will be used 
for the Levi part and the unipotent radical of a parabolic subgroup. For example, and 
Uai will denote the Levi part and the unipotent radical of P 04 . 

To each unipotent orbit we attach a parabolic subgroup dehned as follows. Suppose that 
A C {aj : j G {1,2, 3,4}} is the set of simple roots in the diagram which are labeled zero. 
To this unipotent orbit we associate the parabolic subgroup Pa- We shall denote its Levi 
part by Ma, and its unipotent radical by Ua- For example, to the unipotent orbit, which is 
denoted by B 2 , and whose diagram is given by 

0 - 0 ==>==0 - 0 

we attach the parabolic subgroup Paj.aa- Here ei = 2, €2 = 63 = 0 and €4 = 1. 
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It will be convenient to confuse between a root a and the one parameter unipotent sub¬ 
group {xa(r)}. Thus, for example, if C U for some unipotent subgroup U, we will 

say that a is a root in U. By abuse of notations we will sometimes denote it by a G U. Given 
a = we shall also denote this root by ( 711 / 1277 . 3714 ). Given a parabolic subgroup 

Pa as above, the set of roots in Pa are those roots ( 771712773774 ) such that > 0 - 

example, the roots in Pai^ag are the roots ( 771712773774 ) such that 712 -|- 774 > 0. Once again, 
we emphasize that we are confusing a root with the one dimensional unipotent subgroup 
attached to this root. 

Next, we determine a partition of all the roots in Pa. For any natural number n we denote 
U'^{n) = {a G Pa : Let UA{n) denote the unipotent subgroup of Pa which 

is generated by all one parameter subgroups {a;a( 7 ’)} such that a G U'^{m) where m > n. 
Notice that Pa = Pa( 1) and if in the corresponding diagram all e* 7 ^ 1 , then Pa = Pa (2). 
We are mainly interested in the group Pa (2). It is not hard to check that Ma acts on this 
group. 

As an example consider the above diagram attached to the unipotent orbit B 2 . In this 
case, we have A = {a 2 ,a 3 }. The parabolic subgroup attached to it is Pa 2 ,a 3 , and we can 
identify Ma 2 ,a 3 with GL^ x Sp^. We list the 20 roots in Pa according to the sets U'^{n). We 
have 

Pi(l) = {(0001); (0011); (0111); (0121)} 
f^A(2) = {(1000); (1100); (1110); (1120); (1220)} U {(0122)} 

P;(3) = {(nil); (1121); (1221); (1231)} 

P;(4) = {(1122); (1222); (1232); (1242); (1342)} P;(6) = {(2342)} 

In general, we are interested in the action of Ma on the group Pa(2)/[Pa(2), Pa(1)]- It 
follows from the general theory that Ma preserves this group and acts as a hnite direct sum 
of irreducible representations. For example, for the unipotent orbit P 2 , h follows from the 
above that Ma acts as a direct sum of a hve dimensional irreducible representation and a 
one dimensional representation. We mention that this action of Ma can be lifted trivially 
to the unipotent group Pa(2). 

Fix a unipotent orbit (9, and attach to it a set A as described above. Then, dehned over 
the complex numbers C, (or any other algebraically closed held ), the group Ma(C), has an 
open orbit when acting on Pa(2)(C). Denote a representative of this orbit by uq- Thus, we 
may identify uq with a unipotent element in Pa(2)(C). It follows from the general theory, 
see O. that the connected component of the stabilizer of uq inside Ma(C), is a reductive 
group. We shall denote this reductive group by C{uo)^- A list of these reductive groups is 
given in o page 401. 


We now explain how to associate a set of Fourier coefficients to a unipotent orbit O. 
Assume first that all nodes in the diagram associated with O are zeros or twos. Let A be 
as above and let uq denote any unipotent element in G{F) which lies in 11 ^( 2 )(F), such 
that the stabilizer of uq inside M/\{F) is of the same type as C{uo)^- We consider a few 
examples. Suppose that O is the unipotent orbit labelled B3. Its diagram is 

0 - 0 ==>==0 - 0 

Thus, Pa = Pas,04 and Mas,04 = GLi x GLs. We have 

U'^{2) = {(0100); (0110); (0111); (0120); (0121); (0122)} U {(1000)} 

Thus, the action of Ma^,a4 on the group Pa ( 2 ) /[Pa ( 2 ), Pa(1)], and hence on the group Pa(2), 
is a sum of two irreducible representations. The hrst representation, is the six dimensional 
irreducible representation, which up to the action of the torus, is the symmetric square 
representation. The second representation is a one dimensional representation. According 
to [C] page 401 , the group (^(ma)^ is of type Ai. 

Thus, to dehne the corresponding Fourier coefficient, we look at all possible non-conjugate 
elements mq € Pa(2)(P) such that the stabilizer inside Ma3,a4{F), under its action on 
Pa(2)(P) as dehned above, is a group of type Ai dehned over F. Since the action is via the 
symmetric square representation, one can choose the elements Uq to be any element in the 
set 

( 5 ) {a;iooo(l)^oioo(/ 3 i) 3 ;oii 2 (/ 32 ) 2 ^oi 22 (/^ 3 ) • ( 3 j £ P*} 

It is not hard to check that the stabilizer is an orthogonal group SO3 which depend on the 
choice of /3j. Let ip be an automorphic function dehned on G(A). To a given element uq in 
the above set, we associate the Fourier coefficient 

(6) J ip{u)^jJu,uo{u)du 

Ua{F)\Ua(A) 

where 'ipu,uo is dehned as follows. Write u G Pa as m = a;iooo(^)^oioo (^1)3^0112 (?’2)a^oi22(p)w' 
and dehne 'iIju,uo{u) = 'ip{r + ( 3 iri + (32r2 + See subsection 2.1 for the precise notations. 

As we vary uq in the set of representatives given in ([ 5 ]), we associate with the unipotent orbit 
labelled P3 a set of Fourier coefficients, given by integrals (jS]). 

As an another example, consider the unipotent orbit labeled F^lai). Its diagram is 

22 2 

0 - 0 ==>==0 - 0 
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Thus, the parabolic subgroup attached to this orbit is and M^g = GL^ ■ GL 2 . In this 
case we have 

^a(2) = {(0100); (0110); (0120)} U {(0001); (0011)} U {(1000)} 

It follows from 0 that the connected component of the stabilizer is the identity group. 
Consider the set of unipotent elements in Ua^i^F) 

{3^1000(1)3^0011 (1)%ioo(/3i)2^oi2o(/^2) : £ F*} 

It is not hard to check that the connected component of each such element, is the identity 
group. In a similar way as in ([6]), we associate with the unipotent orbit P4(ai) a set of 
Fourier coefficients. 

Next consider unipotent orbits where at least one of the nodes in the corresponding di¬ 
agram is labelled with the number one. First assume that there is exactly one node which 
is labelled with one, and all other nodes are labeled with zero. There are exactly four such 
unipotent orbits which are associated with the four maximal parabolic subgroups. In this 
case we consider Pa (2) and proceed in a similar way as we did in the case where all nonzero 
nodes are labelled with twos. For example, consider the unipotent orbit Ai + Ai. The 
diagram attached to this orbit is 

0 - 0 ==>==0 - 0 

Hence, the parabolic subgroup which corresponds to this orbit is Pai,a 3 ,a 4 - Its Levi part is 
GL 2 ■ SL^. From [C] we know that the connected component of the stabilizer is a group of 
type Ai X Hi. We have 

f^A(2) = {(1220); (1221); (1222); (1231); (1232); (1242)} 

The action of the Levi part on Pa (2) is as follows. The GL 2 part acts as a power of the 
determinant, and the SL^ part via the symmetric square representation. As before, it is not 
hard to check that the set 

{3^122o(A)3^1222(/^2)3;1242(/^3) • /^j ^ F*} 

contains a set of representatives for all the orbits such that the connected component of the 
stabilizer inside cg ^^ will be of type Hi x Hi. As in ([6]) we dehne 

( 7 ) j Au)i^UA{2),uo{u)du 

C/a(2)(F)\C/a(2)(A) 

where '0c/^(2),«o is dehned as follows. Given I3j G F*, let Uq = 0 : 1220 (/9i)3^i222(/d2)3^i242(/93)- For 
u E Pa(2) write u = Xi22o(?^i)3^i222(p)3:i242(?^3)mi and dehne V’nA(2).«o(“) = ^(/^iP +/^2p + 
PsTs). 


10 


Finally, we need to consider the unipotent orbits whose corresponding diagram has one 
node labelled one and at least one more node which is labelled with a nonzero number. There 
are four such orbits. The way of attaching the Fourier coefficients to these orbits are similar 
to the way we did in the other cases. To make things clear, in each of the four cases we shall 
write the set of representatives of the various orbits under the action of Mj\{F). Then, given 
an element Uq in the corresponding set, we dehne the corresponding set of Fourier coefficients 
as in (j?!). 

First consider the unipotent orbit B 2 . Its diagram, the parabolic subgroup attached to 
this orbit, and the sets U'^{n) were all described above. The connected component of the 
stabilizer is Ai x Ai. Consider the set 

{a^iioo(1)3^1120(/?i)^oi22(/^2) : f3j G F*} 

Then it contains the set of all representatives of the various orbits under the action of M^{F). 
Next, we consider the unipotent orbit ^42 + ^1. Its diagram is 

0 - 0 ==>== 0 - 0 

The connected component of the stabilizer is a group of type Ai. We have 

f/i(2) = {(0111); (0121); (1111); (1121)} U {(1220)} 

The Levi part, which is GL 2 x GL 2 acts on this set as the tensor product representation 
and as a one dimensional representation. In this case, M^{F) acts transitively, and the 
representative of the open orbit is given by X0121 (1)2:1111 (1)2:1220(!)• 

The unipotent orbit labelled as G‘i{ai) has the corresponding diagram 

0 - 0 ==>==0 - 0 

The connected component of the stabilizer is a group of type Ai. We have 

f/;(2) = {(0120); (0121); (0122)} U {(1110); (1111)} 

Hence, Ma = GL 2 x GL 2 acts as a sum of two irreducible representations. On the hrst 
representation, one copy of GL 2 {F) acts as the symmetric square representation and the 
other copy acts as a one dimensional representation. On the second irreducible representa¬ 
tion one copy of GL 2 {F) acts as the standard representation and the other copy acts as a 
one dimensional representation. A set of unipotent representatives for the various orbits is 
included in the set 

{ 2 : 0120 ((^ 1 ) 2 : 0122 ((^ 2 ) 2 : 1111 ( 1 ) : Pj G F*} 

The last case is the unipotent orbit labelled G 3 . Its diagram is 

1 1 2 

0 - 0 ==>==0 - 0 
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The connected component of the stabilizer is a group of type Ai. In this case the ac¬ 
tion is transitively, and as a representative of the open orbit, we can take the element 
2^0120 ( 1 ) 2^1110 ( 1 ) 2^0001 (!)• 

2.2.1. On the Fourier Coefficients Attached to the Orbits ^ 4 ( 02 ) and ^ 4 ( 03 ). For 
later reference we give some details concerning the Fourier coefficients of these two unipotent 
orbits. We start with ^ 4 ( 02 ). In this case Pa = -^ 01 , 03 - The roots in U'^{2) are 

( 0001 ); ( 0011 ); ( 0100 ); ( 1100 ); ( 0110 ); ( 1110 ); ( 0120 ); ( 1120 ) 

The group of characters defined on the group Pa(T’)\Pa(A) is defined as follows. Write 
u e Ua asu = z{mi,m 2 )y{ri,... ,re)u' where u' e [Pa, Pa], z{mi,m 2 ) = xoooi{mi)xoou{m 2 ) 
and 

y{ri, ... ,r6) = a;oioo(^^i)a^oiio(p)a^oi2o(p)a^iioo(p)a^iiio(p)a^ii2o(p) 


Denote 


Mat2x4 — 


■^P G Mat2x4 • P 


/ra r4 rg ^6^1 
\ri r2 rs -r4^ J 


We mention that the motivation for dealing with this abelian group is from a certain matrix 
realization of the group GSpiriY. Embedding GSpinj inside GSOg, the following described 
action is derived from the action of Ma = GL 2 x GL 2 on a unipotent radical of a maximal 
parabolic subgroup of GSpirij. 

Given a matrix A in 


Mat), 


4x2 


[ 

/ai 

0-2 ^ 

] 

. A G Mat4x2 • ^ ~ 

Os 

04 

[ 

/ 

Os 

Oi 


[ 


-O 3 J 

J 


and 71,72 G F define for u = z{mi,m 2 )y{ri,... ,rQ)u' G Pa parameterized as above 


^C/aA, 7 i, 72 («) = ^ tr 


( tr 

1 

CO 

7-4 

r 5 

re \ 

V 

L 

7-2 

rs 

-r4^_ 


+ 727772) 


The action of the Levi part of iiPj „ 3 (P) on the group characters is given as follows. 

First, let g be an element in SL 2 {F) which is generated by < a;±iooo(7’) >• The action of 
this group is given by 


t/’U'A Aj71j 72 ' ^ l(’t7Ai-B,7i,72 




A 
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Next, let h G SL2{F) generated by < x±ooio(^) >• Consider first the action of xooio(’^)- If 
is given by 


^C/a,A ,71 >72 ^ V’C/a,-^ 


.7i.7i 


B = 


/l m \ 
1 —m 
1 

1 


A 


1 m 


m 1 


71 

72 


/ 


The action of x_ooio(^) is dehned similarly by taking the corresponding transpose matrices. 
Finally, the action of the maximal torus h(ti, ^2, fa, ^4) of F4 is given by 


V’C/a,A, 71,72 ^ ^C/A,S,7b7^ B = T1AT2] 7^ = fg H471; 72 = ^2^3 ^^4 ^2 

where Ti = diag (^^"^^2^3 ^^4, fif J^f4, T2 = diag (^3 ^^)- 

The Fourier coefficient (E]) corresponds to the unipotent orbit ^4(02) if and only if the 
connected component of the stabilizer of the character a, 11,121 i® trivial. 

The situation for F^i^a^) is similar. Here Pa = Pai,03,04 and Ma^^a3,a4, is generated by SL2 x 
SL3 and the maximal split torus T. The roots in U'^{2) are all 12 positive roots of the form 
niai+a2+n3Q!3+n4a!4 where n* > 0. There are 6 roots such that ni = 0 and 6 such that ni = 
1. The six roots which have ui = 0 are {(0100); (0110); (0120); (0111); (0121); (0122)}. 
Write an element u G Pa as m = y{ri, ..., rQ)z{mi, ..., m^)u' where 


(8) 2/(ri, ...,re)= Xoioo(ri)a:oiio(r2)a:oi2o(p)a^oiii(p)a:oi2i(p)a:oi22(p) 


and 

z(mi ,..., me) = a;iioo(mi)xiiio(m2)a:ii2o(m3)a;iiii(m4)a;ii2i(m5)a:ii22(m6) 

Here, u' G [Pa, Pa]- We can relate these elements with the group = {x E Matsxs ■ 

J3X = x^J^} where J3 is the 3x3 matrix dehned in subsection 2.1. The relation is given by 


P ^5 re 

y{ri, ... ,r6) H- I r2 

Ti r2 r4^ 


m4 me me 
z{mi,... ,771^) hA- I m 2 m 3 me 
,mi m 2 m4 


To describe the characters of the group Pa(P)\Pa(A), let A, B E Then dehne, for 

an element u E Pa parameterized as above 


(9) 


'iI^Ua,A,b{u) = 7 p\tl 



re] 

/ m4 

ms 

me 

rs 

r5 

+ P m 2 

m 3 

ms 

r2 

rij 

\ mi 

m 2 

m4 


Thus we can identify the group characters of Pa(P)\Pa(A) by pairs {A,B) as above. 
The action of Mai,a3,a4,{F) is as follows. First, given g G SL^^F) we have g{A,B) = 

{gAJ^g^J‘i,gBJ^g^J^). Then, for ^ ^ SL2{F), we have h{A,B) = {aA + bB,cA + 

dB). This action can be easily extended to an action of the group GL2 x GP3. Doing so, we 

can describe the action of the torus T. We only need to describe the action of 1,1)- 
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This is given by the above action using the diagonal matrix g = diag(t, 1 , 1 ), and then 
h = diag(l, t~^)- 

The Fourier coefficient dH]) attached to the character corresponds to the unipo- 

tent orbit F 4 ^{a 5 ), if the connected component of the stabilizer of the pair (Aq, Bq) is trivial. 
This can be checked using the Lie algebras of these groups, and extending the above ac¬ 
tion to GL2 X GL^. Thus, if {{h, g)){AQ, Bq) = {Ai,Bi) is an element in GL2 x GL3, then 
differentiating, we obtain the two equations 

(10) QiAq + AoJ^glJ^ + + biBo = 0 giBo + B^J^glJ^ + CiAq + dii?o = 0 



Clearly, the group of matrices 


{hi,gi) = {—2tl2,th) with f G F, is a solution to these two equations. We refer to this 
solution as the trivial solution. Indeed, on the group level this solution corresponds to the 
torus element (t“^/2,f/3) G GL2 x GL3, but from the above realization of the action on the 
unipotent matrices in F4, this torus is not in q,^. 

Thus, if the solution to these two equations is only the trivial solution, then the Fourier 
coefficient ([6]) attached to the character 'iPua,Ao,Bo corresponds to the unipotent orbit ^4(03). 

2 . 2 . 2 . Root Exchange. In the following Sections during the computations, we will carry 
out several Fourier expansions. One type of this expansions will repeat itself several times, 
and therefore it is convenient to state it in generality. We shall refer to this process as 
root exchange. This process was described in generality in |G-R-S 7 j subsection 7 . 1 . This 
process has a local analogous which uses the notion of twisted Jacquet modules. In |G-R-S 2 j 
subsection 2 . 2 , the global process stated in |G-R-S 7 j is formulated and carried out using the 
local language. In this paper, the proofs are global by nature, and therefore we prefer to use 
the global version. However, it should be emphasized that a similar proof can be stated and 
carried out in the local situation. 

In this paper we will perform the expansions on a root by root process. For that reason we 
prefer to state the process of root exchange using a slightly different notations. We should 
also emphasize that the computations involved do not contribute any cocycle. This is true 
in both the global and the local version. 

A typical integral that we start is an integral given by 



( 11 ) 



(F\A)a U(F)\U(A) 


Here / is an automorphic function, and a and /3 are two roots, need not be positive roots. 
Also, t/ is a certain unipotent group normalized by Xa{m) and xp{r). We assume that 
[xp{r),Xa{m)] G U 
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Consider the following integral as a fnnction of 


L{g) = J J f{uXa{rn)g)^p{m)dudrn 

F\AU{F)\U{A) 

and assnnie that it is left invariant nnder x.y{S) for all 6 & F. That is L{x^{S)g) = L{g). Here 
7 is any root, positive or negative, which satishes the commutation relation [a;^(r), = 

Xa{cf3t)u' with u' G U. Here c & F*, & scalar which result from the structure constants in 
F4. With these assumptions we can expand integral L{g) along x^(t) where t G F\A. We 
obtain 


E 

SeF 


f {uxa{m)x^{t)g)'il}{m + 5 t)dtdudmdr 


{F\AY U(F)\U{A) 


From this we deduce that integral (ITT]) is equal to 

/E / f 


J f {ux a{rn)x^{t)x p{r))'ip{m + 6 t)dtdudmdr 

F\A U(F)\U{A) 

Since / is automorphic then for all g and all 5 G F we have f{xp{ 5 )g) = f{g)- Using that, 
and the above commutation relations, the above integral is equal to 


E 


j f{uXa{rn + St)x^{t)xp{r + 6))ip{m + St)dtdudmdr 

F\A ^^^{F\Af U{F)\U{A) 

Changing variables, and collapsing summation over 6 with integration over r, this integral 
is equal to 


( 12 ) 


/ {uxa {m)x^ {t)x p{r))'ilj{m)dtdudmdr 


A (F\A)2 U{F)\U(A) 

Arguing as in |Ga-S] one can easily show that the above integral is zero for all choice of data, 
if and only if the integral 


( 13 ) 


/ {uXa {m)x^ (t))'ip{m)dtdudm 


{F\A)2 U(F)\UiA) 

is zero for all choice of data. Hence, we deduce that integral fITT]) is zero for all choice of 
data if and only if integral fll 2 p or integral (IT^ are zero for all choice of data. Referring to 
this process we will say that we exchanged the root fd by the root 7. 


2.3. Eisenstein series and their Residues. In this Section we consider certain Eisenstein 
series on G = F4 and study some of their residues. The basic reference for this type of 
construction is ra- We also follow the ideas of the construction of a small representation 
of the double cover of odd orthogonal groups. This was done in [B-F-Glj . and we refer to 
that paper for more details. 
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The Theta representation we construct will be a residue of an Eisenstein series associated 
with an induction from the Borel subgroup. We review how this is constructed. Let B 
denote the Borel subgroup of G, and let T C 5 denote its maximal split torus. Let x denote 
a character of T. Let T denote the inverse image of T inside G. Let Z{T) denote the center 
of T, and let Tq denote any maximal abelian subgroup of T. The character y dehnes a 
genuine character of Z{T) in the obvious way, and we extend it in any way to a character 
of Tq. Inducing up to T, extending it trivially to B, and then inducing to G, we obtain a 
representation of G which we denote by Indf^x- If follows from |K-P] that this representation 
is uniquely determined by the character x defined on Z{T). These statements are true both 
locally and globally. 

Let Xs denote the character of T dehned as follows. Given h(fi, ^ 2 , Gj G) G T we dehne 
Xs(h(fi,^ 2 ,G,G)) = Let EQ\g,s) denote the Eisenstein series defined 

on G(A) which is associated with the induced representation Xs^^b'^■ The poles of 

this Eisenstein series are determined by the intertwining operators corresponding to elements 
w of the Weyl group of G. The poles of these factors can be determined by using the factors 


(14) 


Xxs) = n 


Q!>0,to(a)<0 


{I - q-^X-sM<°^^) 


-1 


where n{a) = 1 for the short roots and n^a) = 2 for the long roots. Consider Erst the 
contribution from the long Weyl element in W. A simple application of (IT4ll implies that 
the poles of the corresponding intertwining operator are determined by 

„ ^ C^(2si)C^(2.2)C°(s3)C^(«4)I-^(s-) 

® C®(2si + 1)C'’(2 s 2 + l)C®(ss + 1)C®(S4 + l)i'’(s + 1) 

Here the four partial zeta factors are the terms contributed from the simple roots a in the 

product in flTT)) . The factor L^{s) is a product of 20 partial zeta factors evaluated at points 

of the form with n* > 0 and such that ni + n 2 + > 2 . The set S' is a 

hnite set, such that outside of S all places are finite unramified places. From this we deduce 

that Zs{s) has a simple multi pole at si = S 2 = ^ and S 3 = S 4 = 1. Its not hard to prove 

that all other intertwining operators are holomorphic at this point. Hence, the Eisenstein 

series Eq {g,s) has a multi-residue at that point. Denote this multi-residue representation 

by GgL If there is no confusion we shall denote it simply by 0. Thus, the representation 0 is 

a sub-quotient of the representation Lnd-^/^^Xio^n ^ where Xio(^(^i) ^ 2 ^ 3 ) ^ 4 ) = 

We will not need it, but we mention that the representation 0 is a subrepresentation of 

the induced representation Ind%[^lxe where X 0 (^(GG 25 GG 4 )) = 

Let P = MU denote a maximal parabolic subgroup of G = T 4 , where M is the Levi part 

of P, and U is its unipotent radical. Let denote the subgroup of M which is generated 
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by all copies of SL 2 =< x±a{r) > where a is a positive root in M. There are four cases 
which we now list. First, if P = Paj,02,03; then = Spin'/. When P = Poj,02,04 Pai,a 3 ,a 4 
then = SL 2 x SL^, and when P = Po2,03,04 then = Sp^. 

Using induction by stages, we can write ■, where Tp is 

an automorphic representation of M(A). Thus, in the case when P = Pa^, 02,031 then Tp 
restricted to M°(A) = Spin^^\A), is a minimal representation of this group. Indeed, this 
follows by comparing the parameters between those of 0 and the parameters of the minimal 
representation of Spin^\A) as established in |B-F-G2] . In the case when P = Poi,02,04 we 
obtain that Tp restricted to SL^i^A) x SL 2 {A) is the representation Qsls x 1, and similarly 
when P = Pq 4 ,q 3 ,o 4 then we obtain the representation Qsl 2 x 1 of SL 2 {A) x SL^i^A). These 
two cases are obtained by comparing with the construction of the Theta representations as 
done in ra- Finally, when P = Pa 2 ,a 3 ,a 4 we obtain the right most residue representation 
of the Siegel Eisenstein series dehned on S'pg(A). This can be verihed using the result of 
[I2] . Motivated by the above, let Mq denote the subgroup of M dehned as follows. When 
M is the Levi part of Pai,a 2 ,a 3 or of Pa2,03,04, we dehne Mq = M°. When M is the Levi 
part of P04,02,04, dehne Mq = S'La x S'L2, and in the last case, when M is the Levi part 
of Poi,Q3,Q4, we dehne Mq = SL 2 x SLq. A representation of the group Mo(A) will said 
to be a minimal representation if the only nontrivial Fourier coefficients this representation 
has, corresponds to the minimal orbit specihed as follows. In the case when Mq = Spin) 
we refer to Tp as a minimal representation if the only nonzero Fourier coefficients of this 
representation corresponds to the unipotent orbit (2^1^). When Mq = SLq{A) x SL 2 {A) 
we refer to Tp as a minimal representation if the only nonzero Fourier coefficients of this 
representation corresponds to the unipotent orbit (21) on SLq and trivial on SL 2 . For 
Mq = SL 2 {A) X SLq{A) we refer to Tp as a minimal representation if it is trivial on SLq. 
Finally when Mq = Sp^ we refer to Tp as a minimal representation if the only nonzero 
Fourier coefficients of this representation corresponds to the unipotent orbit (21^). It is 
a consequence of the above mentioned references that the representation Tp restricted to 
Mo(A), is a minimal representation. The case where Mq = Spo, follows from the Siegel-Weil 
identity as established in [l2]. 

Proposition 1. Let P = MU denote any one of the four maximal parabolic subgroup of 
G = F 4 . With the above notations, the constant term Q^{g) when restricted to the group 
Mq{A) defines a minimal representation of this group. More over, the residue representation 
0 is square integrable. 

Proof. We shall work out the details in the case P = Paj,03,04- The other cases are done in 
a similar way. 
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Let P = Fa2,«3,a4- Then using induction by stages as above, we deduce that the rep¬ 
resentation 0 is a residue at s = 27/32 of the Eisenstein series ET-p{g,s) associated with 
the induced representation In(f^^Tp6%. To get this value of s, we start by noticing 
that . On S'pe, we have the identity = 

(^_B(GL3)^P(5pg))(^(l) t 2 i ts, ^4)). Here P{GL^) is the maximal parabolic subgroup of Sp^ whose 
Levi part is GL^, and B{GL^) is the Borel subgroup of GL^. Extending this character to T, 
we obtain 

(<^B(GL3)'^P(5p6)^^^^^l’^2) ^ 3 , ^ 4 )) = \tl\ ~ |^2|^^^|^3^4p 

We have 5p(h(ti,^2,^3,^4)) = Hence, when matching the character Sb{gl 3 )Sp^sp 6 )^p 

with |tit2p^^|^3^4p we get s = 271?,2. 

We need to study the constant term of this Eisenstein series. We use the method of |K-R j . 
See also |R-F-(f2j and [G-R-Sl] for similar cases. Consider the constant term along U. In 
other words, let 

Erpi9,s)= j Erp{ug,s)du 

UiF)\U{A) 

Unfolding the Eisenstein series for Re(s) large, we need to consider the space of double cosets 
P{E)\G{E)/P{E). This space has hve elements, and as representatives, we can choose the 
hve Weyl elements e, tc[l], tc [12321], re [12324321] and the long Weyl element in this space 
which we denote by Wq. Notice that all of these elements are of order two, and hence 
= M^-i. 

We start with the contribution of Wq. Since 0 is a residue of this Eisenstein series, we 
deduce that at the point s = 27/32, where the residue occurs, the intertwining {Myj^^fs){m) 
operator has a simple pole. Arguing as in |G-R-S1] pages 78-81 we deduce that at the bad 
places, after a suitable normalization by the local factors of the normalizing factor of the 
Eisenstein series, the local intertwining operators are holomorphic at the above point. Thus 
{M^^fs){m) has a simple pole at s = 27/32. As a function of G Rpg RA), the function 
{Myj^fs){m) belongs to the space of rp restricted to the group Mo(A). As we stated before 
the Proposition this representation is a minimal representation. 

Next we consider the contribution from the other four representatives. The term which 
corresponds to the identity is just the section which is clearly holomorphic. The three 
other representatives contributes each to the constant term an Eisenstein series dehned 
on Spq{A). This Eisenstein series has the form E{m, M^fg, s') where M^fg is the corre¬ 
sponding intertwining operator and s' is a certain linear function in s. When w = w[l] 
or when w = tc [12324321] we get the Eisenstein series associated to the induced represen¬ 
tation where Q is the maximal parabolic subgroup of Spe whose Levi part is 
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GL^. When w = w[ 12321 ] we obtain an Eisenstein series associated with induction from the 
parabolic subgroup whose Levi part is GLi x Sp^. 

This procedure is fairly standard. See ra , or [B-F-G 2 j for an example in the covering 
group. As an example, consider the case when w = ta[l]. We have wa = a when a = ±( 0010 ) 
and a = ±( 0001 ). Also w(OlOO) = ( 1100 ). This means that w conjugates the subgroup 
P{GL^) into P. Here P{GL^) is the maximal parabolic subgroup of Sp^ which contains the 
group GT3. Thus, the contribution to E^^{g,s) from this Weyl element is 


^ / / 


fs{vwwyg)dvdu 


Here V denotes the unipotent radical of the parabolic subgroup P{GL^)^ and [4, =< 
3 ^iooo(’") >• Thus, as a function of m G S'pg(A), this term is equal to E{m, M^fg, s'), 
the Eisenstein series associated to the induced representation From the 

above integral we obtain that s' = 2 s ± It is also easy to verify that the intertwin¬ 
ing operator M^fg is holomorphic at s = ||, and hence, we deduce that E{m, M^fg, s') is 
holomorphic at s = || which corresponds to the point s' = 2 . 

The other two cases are similar, and in both we obtain that they are holomorphic at 
s = 27 / 32 . Hence, all other four Weyl elements contributes a function to the constant term 
E^p{g,s), which is holomorphic at the point s = 27 / 32 . From this the Proposition follows 
for this maximal parabolic subgroup P. As mentioned above, the other cases are similar and 
will be omitted. 

Finally, to prove the square integrability we use Jacquet’s criterion lu. This follows 
from the fact that 0 ^^ is a sub-representation of where Xe{h{ti,t2,t^,ti)) = 

B{A.) 

is in the negative Weyl chamber. 

□ 


Proposition [T] has a local version. Let 0 ' denote any irreducible summand of 0 . Let v 
denote any hnite place where the local representation 0 '^ is unramihed. Then the repre¬ 
sentation 0'j^ is the unramihed sub representation of Ind^^^^^xe- One can characterize this 

subrepresentation as the space of all functions / G Ind~.^[xe such that = 0 for all 

Weyl elements of ±4. Here is the intertwining operator corresponding to w. This claim 

is a consequence of the periodicity Theorem in |K-Pj adopted to the group E4. It is all also 

simple to verify the claim that Iwf = ^ when w corresponds to a simple rehection. It should 

be mentioned that this intertwining operators need not converge at the point ye. In that 

case one views the above statement in the sense of meromorphic continuation. 

19 








Let P = MU denote any one of the four maximal parabolic subgroups of G. Construct 
the Jacquet module A representation of Mq{F^) is said to be minimal, if it has no 

nonzero local functionals which corresponds to any unipotent orbit which is greater than the 
one specihed in the global situation. As in the global case given in Proposition [ 1 ], we obtain 

Corollary 1. As a representation of Mq^F^), the Jacquet module JjjiQ'jf) is a minimal 
representation. 

Returning to the global case, to prove that 0 is indeed a minimal representation of the 
group G(A), we start by considering the Fourier coefficients which the Eisenstein series 
ET-p{m,s) does not support. We will do it for the case when P = Pa2,a3,a4- To emphasize 
the relation of Tp to the residue representation of Sp^, we shall write ©g instead of Tp. We 
also refer the reader to jC] page 440 for the description of the partial order of the unipotent 
orbits in F 4 . We prove 

Proposition 2. Let O denote a unipotent orbit which is greater than or equal to the unipotent 
orbit A2. Then EQg{m,s) has no nonzero Fourier coefficients corresponding to O. 

Proof. The diagram which is attached to the unipotent orbit A2 is given by 

0 - 0 ==>== 0 - 0 

In the notations of the previous subsection, we have 

U'^{2) = {(0001); (0011); (0111); (1111); (0121); (1121); (1221); (1231)} 

The character can be dehned as follows. Given u G 17a write u = Xoi 2 i(^"i)a;iiii(r 2 )M' 

and dehne ' 0 ; 7 ,«^(m) = '^(ri + r 2 ). To prove the Proposition, it is enough to prove that the 
integral 

(15) j Ee^fum, s)'ipu,uMdu 

Ua{F)\U^{A) 

is zero for all choice of data. It is also clear that it is enough to show this for Re{s) large. 
In this proof, let P = ^ 02 , 03,04 U = 17 a = fTij , 02 , 03 - Unfolding the Eisenstein series, 
we need to analyze the set P{F)\G{F)/U{F). It is clear that a set of representatives for 
this set can be chosen in the form wu^ where w is a Weyl element and u^, is a unipotent 
element inside Spin^lF). However, since the exceptional group G2 is the stabilizer of the 
above character, it is in fact enough to consider representatives inside the set wu^ where 
wuw is a representative of P{F)\G{F)/G2{F)U{F). From this it is not hard to deduce that 
a set of representatives is contained inside the set 

Wo = {e, w[123], '«;[1234], u;[123243], '«;[123214323], w[1232143234], '«;[1232143213243]} 
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This can be seen by first considering the set P{F)\G{F)/Spini{F)U{F) and then fnrther 
stndy relevant double cosets of the form R{F)\Spinj{F)/G 2 {F) where i? is a suitable max¬ 
imal parabolic subgroup of Spirij. We omit the details. 

In other words we may choose representatives to be only Weyl elements. Thus we have 


(16) 


Es^ium, s)-ipu. 


ua 


UAiF)\UAiA) 


[u)du= j 

W^WOjJyj ( JPW TT 


fs{wum)'ijju,u^{u)du 


VI(F)\Ua{A) 


Here = w ^Ui\w G F. We will now show that each summand of the right hand side is 
zero. If tc G Wq is such that wxnn{r)w~^ G Ua 2 ,a 3 ,a 4 then we get zero contribution form 


is not trivial on 


that summand, because fs is left invariant under Ua 2 ,a 3 ,a 4 ,{-^) and "0(7 ,ma 

Since the Weyl elements e, w[123], tc[123243] and t(;[123214323] have this property, 
they contribute zero. 

As for the other three Weyl elements, we will use the minimality of ©g. See right before 
Proposition [H Consider hrst the Weyl element tc[1234]. It follows by direct conjugation that 
we obtain the integral 


g 'ip{tT{X))dxdy 



j Oe 

{F\Ay 

as an inner integration. Here X G Mat 2 x 2 , and Y and X* are defined so that the above 
matrix is in Sp^. This Fourier coefficient corresponds to the unipotent orbit (3^) in SpQ ( 
see EH), which is greater than the minimal orbit (2T^). Hence, by the minimality of ©e, it 
is zero for all choice of data. 

Next consider the two Weyl elements w[1232143234] and tc[1232143213243]. In these two 
cases, we obtain the integral 

(17) j ^6 I I ^4 x * I I ^{x)dxdy 

(F\A)5 \ \ ^ / / 

or a conjugation of it by a Weyl element of S'pe, as an inner integration. Here x G Mati^i and 
y E A. The character -0 is defined as follows. If a; = {xij) G Mafix4, define 'ipl^x) = 'ijj{xi^i). 
To prove that this integral is zero we use the fact that ©e is a minimal representation of 
S'pg(A). Conjugate in the above integral by the discrete element 

/I \ 


w = 


J2 


-J2 
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where J 2 was defined in snbsection 2.1. Then, expanding along the nnipotent snbgronp 
x{r) = I 4 + re2,5, and using suitable conjugation, we obtain the integral 



(F\A)3 




'4)'{X)dX 


Here X = ^ ^ and iIj\X) = '0(j/). It is not hard to check that this Fourier coefficient 

corresponds to the nnipotent orbit (2^1^) of S'pg. See [Glj . By the minimality of ©e, this 
integral is zero for all choice of data. Thus integral flTTD is zero for all choice of data. 

Returning to the integral fflbl) . we obtain that any summand on the right hand side is 
zero, and hence the integral on the left hand side of ffTbjl is zero for Re{s) large, and hence 
zero for all s. This proves that EQg{m, s) has no nonzero Fourier coefficient with respect to 
the nnipotent orbit A 2 . 

Now we have to prove that for every nnipotent orbit O which is greater than A 2 , the 
Eisenstein series has no nonzero Fourier coefficient which correspond to this orbit. This can 
be done in two ways. One way is to argue in a similar way as we did with the orbit A 2 . For 
example, it easy to prove this way that EQ^{rn, s) is not generic, that is, it has no nonzero 
Fourier coefficient which correspond to the nnipotent orbit whose label is F4. Another way 
is to start with integral flThl) . use Fourier expansions and get the other orbits. For example, 
consider the orbit A 2 + Ai. Its diagram is 


1 


1 


0 - 0 ==>==0 - 0 


and the corresponding Fourier coefficient was described in the previous subsection. Not to 
confuse with the group Ua as was defined in flT^ . for this proof only, we shall write Va 
instead of Ua- Thus, we need to show that the integral 

J E©g {vm, s)'ipv,vi, {v)dv 

Va(F)\Va(A) 

is zero for all choice of data. Here 'iI’v,va is defined as follows. For n G Va, write v = 

xoi2i{ri)xnii{r2)xi22o{r3)v' . Define 'iPv,va{v) = '0(n + r2 + /drs) where fd G E*. 

Let V denote the subgroup of Va which consists of all roots in Va such that the coefficient 

of 04 is greater than zero. Thus dimH = 13 and it is a subgroup of Ua as defined before 

integral flT^ . Notice that restricted to the group V we have i/jv,va = '^u,uai where the right 

most character is defined in integral ([15]). Clearly it is enough to prove that the integral over 

1/(F)\1/(A) is zero. Starting with this Fourier coefficient, we expand along the nnipotent 
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group {xoooi(^1)3^0011 (^2)} with points in F\A. We have 


E 


j E©g {vm, s)' 4 )v,v^ {v)dv = 

ViF)\V{A) 

Eee{xoooi{h)xooii{l2)vm,s)'ipv,v^{v)'ip{dih + S2l2)dlidv 


V(F)\V{A) 

Conjugating, from left to right, by the discrete elements Xoiio(—(52)xiiio(—(5i) and changing 
variables, we obtain integral (IT5ll as inner integration, which we proved to be zero for all 
choice of data. Thus, this Eisenstein series has no nonzero Fourier coefficients which corre¬ 
sponds to the unipotent orbit A 2 + Ai. Continuing similarly, we obtain the vanishing of all 
Fourier coefficients which corresponds to any unipotent orbit which is greater than A 2 . □ 


2.4. A Minimal Representation of F4. In this subsection we will prove that the residue 
of the Eisenstein series, constructed in the previous Sections and denoted there by 0, is 
indeed a minimal representation for the double cover of T4. In other words we will prove 


Theorem 1. Let O denote a unipotent orbit of F 4 . Suppose that O is greater than the 
minimal orbit which is labeled by Ai. Then 0 has no nonzero Fourier coefficient which is 
attached to the unipotent orbit O. 

Proof. We hrst explain the idea of the proof. Denote by 0{Q) the set of all unipotent 
orbits of F 4 dehned as follows. We have O G 0(0) if and only if the representation 0 has 
no nonzero Fourier coefficient associated with any unipotent orbit which is greater than or 
not related to the unipotent orbit O. Also, we require that 0 do have a nonzero Fourier 
coefficient associated with the orbit O. With these notations the statement of the Theorem 
is that 0(0) consists of one unipotent orbit which is the orbit Ai. 

First, we prove that 0 has a nonzero Fourier coefficient corresponding to the unipotent 
orbit Ai. The diagram corresponding to this orbit is 

0 - 0 ==>==0 - 0 

and the corresponding set of Fourier coefficients is given by 

/ 9{x2342{r)m)'ijj{r)dr 
F\A 

It is clear that any nontrivial automorphic representation has such a nonzero Fourier coeffi¬ 
cient. In particular it holds for the representation 0. 

From this and from Proposition [2] it follows that 0{Q) consists of one unipotent orbit 

which is greater or equal than Ai, and which is less than or equal to the unipotent orbit 

23 


i?2- To prove the Theorem, we hx a unipotent orbit O which is greater than Ai and less or 
eqnal to B 2 . There are snch hve orbits. They are B 2 , A 2 + Ai, A 2 , Ai + Ai, and Ai. We 
will assnme that 0 (Q) = O, where O is any one of these hve orbits, and we shall derive a 
contradiction. The way to derive the contradiction is as follows. We consider the stabilizer 
oi O. It follows from n p. 401 that for all nnipotent orbit O 7^ A 2 , the stabilizer always 
contains a nnipotent snbgronp. This is also trne for some Fonrier coefficients associated 
with the nnipotent orbit A 2 , bnt not for all of them. We shall not need mnch information 
on the varions nnipotent orbit representatives of the orbit A 2 . However, this information is 
contained in [I] Section 5. Assnme that we are given a certain Fonrier coefficient associated 
with the nnipotent orbit O. Suppose that it is given by the integral 


( 18 ) 


9{vg)'ijjv{'v)dv 


V{F)\V{A) 


and suppose also that the stabilizer of 'ipv contains an abelian unipotent subgroup Z. We 
then consider the Fourier coefficient 


(19) J j 9{vz)ipv{v)'ipz{z)dzdv 

Z{F)\Z{A) ViF)\ViA) 

Here 'ipz is any character dehned on Z{F)\Z{A). If we show that the above integral is zero 
for all choice of characters ipz, this will prove that integral flTSl) is zero for all choice of data, 
and hence contradict the assumption that 0{Q) = O. To show that the above integral is 
zero for all characters we use Fourier expansions to express the integral as a sum of two types 
of Fourier coefficients. The hrst type are Fourier coefficients which corresponds to unipotent 
orbits which are greater than or not related to O. These coefficients will be zero by our 
assumption that C>(0) = O. The second type are Fourier coefficients of the type 

j d^^^\y)i^Y{y)dy 

Y{F)\Y{A) 

Here 9^^^^^ is the constant term of the function 9 along U{R), where U{R) is the unipotent 

radical of a maximal parabolic subgroup R of F 4 . The group H is a unipotent subgroup 

of M{R), the Levi part of R. We then show that the character ipy is a character which 

corresponds to a unipotent orbit of M{R) which is not the minimal orbit. Then using 

Proposition [U we deduce that this integral is zero. 

We should mention that the proof is local by nature. Indeed, all the above ideas can 

be expressed by means of twisted Jacquet modules for a local constituent of an irreducible 

summand of the global representation 0. We shall use this fact below. However, mainly 
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because of the Fourier expansions that we perform, it is convenient to use a global local 
argument. 

We start with the unipotent orbit B 2 . In other words, we shall assume that 0{Q) = B 2 
and derive a contradiction. This unipotent orbit was described in subsection 2.2. A Fourier 
coefficient attached to this orbit is given by integral fflSj) where the roots in V are given 
in the beginning of subsection 2.2. The roots in V contains all 15 roots of the form a = 
(nin 2 n 3 n 4 ) with rii > 1, and the root (0122). Up to the action of M{B 2 ) = T ■ Sp 4 , a 
general character of the group V is dehned as follows. Write v = a;iioo(’"i)a^ii2o(^"2)a^oi22(’"3)'y^ 
where v E V and dehne %lJv,p{y) = Here (3 G F*. From [C] we deduce 

that the stabilizer is a group of type Ai x Ai. In fact, when /3 is a square, then the 
stabilizer is the group Spin 4 = SL 2 x SL 2 and when [3 is not a square we obtain the group 
Spin{l, 3) which depends on /3. In both cases the stabilizer contains the unipotent subgroup 
generated by {a:oioo(’" 1 )^ 0120 (“/S’"!)} and {xoiio(’"i)}- When (3 is a. square, then after a 
suitable conjugation, we may choose as follows. Write as above v = Xiiio(ri)a;oi22(’"2)'i'^ 
and dehne 'ipv,/ 3 {v) = V’(’"i + ’" 2 )- We shall omit (3 from the notations and write ipv- With 
this choice the stabilizer contains the unipotent group {a;oioo(’’^i)a^oi 2 o(’’^ 2 )}- For simplicity 
we shall carry out the details when is a square. The other case is similar. 

We start by enlarging the group U to a group Vi whose dimension is 18. To do so, consider 
the two roots (0111); (0121). Dehne the group Vi to be the group generated by V and by 
{3’oiii(’"i)3’oi2i(’"2)}- Then it follows from |G-R-S3j Lemma 1.1 that integral flT5]l is zero for 
all choice of data if and only if the integral 


( 20 ) 


6{v)'ilJv{v)dv 


VPF)\VPA) 

is zero for all choice of data. Here we view the character as a character of Vi by extending 
it trivially. This is well dehned from the commutation relations in F 4 . We also mention that 
the unipotent group {a^oioo(’’^ 1 ) 2^0120 (’’^ 2 )} stabilizes the group Ui. 

Choose Z to be the unipotent subgroup {a;oi 2 o(’^ 2 )}- Our goal is to prove that integral 
([T9]), with VT replacing V, is zero for all characters of Z. In other words, we show that the 
integral 


( 21 ) J j 9{vxQi2o{rn))'ipv{v)'il){am)dmdv 

F\A Vi(F)\Vi(A) 

is zero for all a E F. Assume hrst that a 7 ^ 0. In this case the above integral is a Fourier 

coefficient which corresponds to the unipotent orbit 03 ( 01 ). Indeed, this Fourier coefficient 

was described in subsection 2.2. Using the left invariant properties of the function 6 , we 

have 6 {g) = 6{w[4:]g). Conjugating by w[A\ from left to right, we obtain exactly the Fourier 

25 




coefficient described in subsection 2.2. By our assumption on 0{Q) this integral is zero. Next 
we consider the case when a = 0. We further expand along the unipotent group {xoioo(^i)}- 
Consider hrst the contribution from the nontrivial orbit. Conjugating by tc[3] we obtain 
'W^[3]a;oioo(’^i)'W^[3]“^ = 2 : 0120 (^ 1 )- Hence, when we consider the nontrivial character, we 
obtain integral fl2Tl) . with a suitable a E F*, as inner integration. Hence we get zero. 

We are left with the contribution of the trivial orbit. Therefore, it is enough to prove that 
the integral 


( 22 ) 


6{vxoioo{mi)xoi2o{m2))ilJv{v)dmidm2dv 


{F\A)2 Vi{F)\Vi{A) 


is zero for all choice of data. Expand integral fl2^ along the unipotent abelian group 
{3 ^oiii(’"i)3^oi2i(’" 2)}- Thus, integral is equal to 


E 

7iGF, 


(F\A)2 (F\A)2 Vi(F)\Vi{A) 


0{xoiu{ri)xoi2i{r2)vxQioo{mi)xoi2o{m2))'ipv{v)'ijj{jiri + 'y2r2)dridr2dmidm2dv 


For all ■ji E F we have 9{g) = 6*(xoooi(“72)3;ooii(“7i)5')- Plugging this into the above integral 
and changing variables, we obtain 


7iGC 


(F\A)2 (F\A)2 Vi(F)\yi(A) 


9{xoiii{ri)xoi2i{r2)vxoioo{mi)xoi2o{m2)xoooi{-'y2)xoou{-7i))'il^v{v)dridr2dmidm2dv 

Hence, to prove that integral (1221) is zero for all choice of data, it is enough to prove that 
the integral 

(23) j j 0{xoiii{ri)xm2i{r2)vxoioQ{mi)xm2o{m2))'ipv{v)dridr2dmidm2dv 

(F\A)4 Vi(F)\yi(A) 

is zero for all choice of data. 

Let V 2 denote the unipotent group generated by the group Vi and the abelian group 
{3;oiii(^i)3;oi2i(F2)a:oioo(^i)^oi2o(^2)}- Thus the dimension of V 2 is 20. Conjugating by the 
Weyl element tc[2134], integral fl2^ is equal to 

(24) J 9(xiooo(ri)xoi2i(r2)v'x-noo(mi)x-iooo(m2)wl2134])'i/j(ri + r2)dridr2dmidm2dv' 

Here v' is a product over all other 16 one dimensional unipotent subgroups corresponding to 

roots in tc[2134]V 2 W[2134]“^. All variables are integrated over F\A. We now apply Fourier 
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expansion to integral (12^ . Expand this integral along the nnipotent snbgronp {xi 22 i(^)}- 
Thns, integral is eqnal to 

(25) [J2[ ^(^i22i(t)x,ooo(ri)a;oi2i(r2).'x_,ooo(mOx 

x_iioo(wr2)'if [2134])'0(ri + r2 + 'yt)dtdridr2dmidm2dv' 


We have 


X-ill00){-l)Xl22l{t) = Xoi2l{-^t)Xi342{t'y^)Xl22l{t)x_(^iioo){-'y) 

The fnnction 6 is left invariant nnder a;_(iioo)(—7)- Performing the above conjngation in 
(l25l) . changing variables and collapsing snmmation with integration, we obtain 


(26) 



^^j22i{t)xjm>(ri)xoi2i(r2)v'x^iom{mi)^ 


A 

x_iioo(?^2)'W^[2134])'^(ri + r2)dtdridr2dmidm2dv' 


where the adelic integration is over the variable m 2 - This is the process of root exchange we 
refer to in snbsection 2.2.2. Indeed, in the notations of that snbsection, let a = (0121); (3 = 
— (1100) and 7 = (1221). Thns we exchange the root —(1100) by (1221). Next we repeat 
the same process, and we exchange the root —(1000) by (1100). It follows that integral 
is zero provided we can show that the integral 

(27) J e^^^^'^{y)'tpY{y)dy 

Y(F)\Y{A) 

is zero. Here, R = Pa 2 ,a 3 ,a 4 is the maximal parabolic snbgronp of F 4 whose Levi part is 
GSpe, and U{R) is its nnipotent radical. Also, 

QU{R),p^g-^ = J 0{ug)'il)u(R){u)du 

U{R){F)\U{R)(K) 

where 'iIju(r) is dehned as follows. Write u G U{R) as u = xiooo{r)u'. Then 'ilJu{R)idj) = 
'^u(R){.xioQo{r)u') = '0(r). Finally, the gronp Y consists of all roots {(0010); (0011); (0120); 
(0121); (0122)}. The character 'ifjy is dehned by ipyiv) = V’v( 2^0121 (?^i)l/0 = '0(^i)- We 
now do two more exchange of roots. First we exchange the root (0110) by (0011), and then 
exchange (0111) by (0010). Then, conjngating by the Weyl element tc[43], integral fl271) is 
zero for all choice of data if and only if the integral 

(28) j e^'^^^’'>'{yiw[A?>\)'ipYAyi)dyi 

yi(F)\Yi(A) 

is zero for all choice of data. Here Yi is the nnipotent snbgronp which consists of the roots 

{( 0110 ); ( 0111 ); ( 0120 ); ( 0121 ); ( 0122 )}, and V^y,(|/i) = ^n(xoiio(r) 2 /() = ^(r). 
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Next, we expand along the gronp xoioo(^)- Thns, integral (1^ is a snm of integrals of the 
form 

(29) j j 

F\AYi{F)\Yi{A) 

where 7 G -F. 

Conjngating by the element a;ooio(“ 7 ); and changing variables we obtain that the integral 
fl 2 ^ is zero provided the integral 

(30) j j 0^^^'^''^{xQWQ{r)yi)^l)YAyi)drdyi 

F\AYi{F)\Yi{A) 

is zero for all choice of data. Thns integral flTT)) is zero for all choice of data if inte¬ 
gral (130|) is zero for all choice of data. Expand integral fl30|) along the nnipotent gronp 
^0001 (’^ 1 ) 3^0011 (’^ 2 )- The contribntion from the nontrivial orbit is zero. Indeed, in this case 
we obtain 

(31) j j 9^^^'^’^{xoooi{mi)xoou{m2)yi)tl^Y^{yi)'ilj{'yimi+'y2rn2)dmidm2dyi 

Yi{F)\Yi{A) (F\A)2 

where 71,72 G F are not both zero. As follows from snbsection 2.2 this Fonrier coefficient is 
associated with the nnipotent orbit ^ 4 ( 01 ), and hence zero for all choice of data. Thns we 
are left with integral (ITIll where 71 = 72 = 0. In this case we can write integral (l3Tll as 

J 9^^^\y2)ipY2{y2)dy2 

Y2(F)\Y2(A) 

Here L = Pai,a 2 ,a 3 is the maximal parabolic snbgronp of F 4 whose Levi part is GSpiriT. 

We denote its nnipotent radical by V{L), and is the constant term along V{L). The 

gronp Y 2 is a nnipotent snbgronp of GSpiriy. It consists of all positive roots in that gronp 

except (0010). Thus its dimension is eight. The character is dehned as follows 'ipY 2 {y 2 ) = 

(^ 1000 (^) 3 ^ 0110 (^ 2 ) 1 / 2 ) = This Fourier coefficient is associated with the nnipotent 

orbit (51^) of Spirit. Applying Proposition [1] this integral is zero. This completes the case 

of the nnipotent orbit B 2 , when (3 as dehned before integral (1^ is a square. As mentioned 

above, the case when fd is not a square is similar and will be omitted. 

Next we assume that 0{Q) = A 2 -|- Ai. The corresponding Fourier coefficient was not 

described explicitly, and we do it now. In this case the set U'^{2) consists of all nine roots 

of the form where ns = 2. Thus dim 17a(2) = 14 and write V = 1/a(2). Then the 

corresponding Fourier coefficient is given by integral fflSj) where ipv is dehned as follows. 

Write V = 27220 (^) 3 : 0122 ( 1 ^ 2 ) 3:1121 ( 1 ^ 3 )'^'- Then i/’y(n) = i/’(ri + r 2 + r^). As stated in [C], 

the stabilizer of this character is a group of type Ai, and it can be identihed with the split 
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orthogonal group SO 3 . Hence it contains a unipotent subgroup. This unipotent subgroup is 
generated by {a:iooo(?^)a:oioo(-?^)2:iioo(a’^^)a;oooi(’^)} where a E F*. 

For the unipotent orbit A 2 the situation is different. In this case the group V = 11 ^ 2 , 0 . 3 , 
and the stabilizer of this orbit is a group of type A 2 . It follows from [Ij that over the rational 
points there is a choice of a character xjjy such that the stabilizer is the group SL^i^F). 
But there is also a choice of characters such that the stabilizer is various unitary groups. 
The character xfjy whose stabilizer is is given as follows. Let v = a^iooo(’" 1 )^ 1342 (’" 2 )'^^- 
Then ‘ipv{v) = ‘ip{ri + r 2 ). A unipotent subgroup which is contained in the stabilizer is, for 
example, {xooio(^i)a;oooi(^ 2 ) 2:0011 We shall refer to this Fourier coefficient as to the 

split Fourier coefficient associated with the unipotent orbit A 2 . 

To prove that 0{Q) is not A 2 +A 1 , or to prove that 0 has no nozero split Fourier coefficient 
associated with the unipotent orbit A 2 , we apply the same ideas as we did in the case of the 
orbit B 2 . We omit the details. 

However, we still have to consider the Fourier coefficients associated with the other repre¬ 
sentatives of the unipotent orbit A 2 . Here we give a local argument. In details, let 0' denote 
any irreducible summand of 0. Let z/ be a finite unramified place. As mentioned in the be¬ 
ginning of the proof, the above arguments for the unipotent orbits B 2 , A 2 + Ai and for the 
split Fourier coefficient corresponding to the unipotent orbit A 2 , all work in a similar way for 
the representation In other words we may assume that 0{QI) is the unipotent orbit A 2 
for any unramified place u. Given a Fourier coefficient of 0 associated to the unipotent orbit 
A 2 , we may choose a place ly such that the stabilizer of the corresponding Jacquet module 
will be the group SL 3 . Arguing as in the global case, using corollary [H we know that this 
Jacquet module is zero. Hence, we can deduce that the corresponding Fourier coefficient is 
zero for all choice of data, and for all representative associated with the unipotent orbit A 2 . 
Thus we may assume that 0(0) is at most Ai -|- Ai. 

Assume that 0(0) = Ai -|- Ai. The set of Fourier coefficients associated with this orbit 
is described in subsection 2.2. We shall view these Fourier coefficients in an extended way. 
More precisely, in the notations of subsection 2.2, consider the set of roots B^(l). This set 
consists of 12 roots which are 

f^A(l) = {(0100); (1100); (0110); (1110); (0111); (0120); (0121); (1111); 

( 1120 );( 0122 );( 1121 );( 1122 )} 

The center of the group Ha is given by the group V = {xi 342 (mi)x 2342 ('m 2 )}. As can 

be checked, the quotient U/^^/Y has a structure of a generalized Heisenberg group. Let 

■His denote the Heisenberg group with 13 variables. We view this group as all 13 tuples 

(ri,..., re, H,..., te, 2 ;) where the product is given as in [ITj. Recall from subsection 2.2 that 
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the set of Fourier coefficients associated to the unipotent orbit Ai + Ai are parameterized 
by a subset of triples /5i, / 52 , /ds G F*- For fixed (3i, the Fourier coefficient is given by integral 
(171) . Dehne a homomorphism I from Ua/Y onto "Hia as follows. 

^(a^oioo(ffi)a;oiio(»^2)a:oiii(’^3)a^oi2o(’^4)a:oi2i(’^5)a^oi22(’^6)) = (ffi, • • •, rg, 0,..., 0) 

^(2:iioo(^i)^iiio(^2)a^iiii(^3)3;ii2o(^4)a;ii2i(^5)3^ii22(^6)) = (0,..., 0, ti,..., te, 0) 


^(a^i22o(2:i)a;i22i(2:2)2^1222(^3)2^1231 (^4)2:1232(2:5)3^1242(^6)) — (0 ,..., 0, ( 3 iZi + /32Z3 + /^a^e) 


We extend I trivially from U/^/Y to [/a by 1{Y) = 0. Consider the integral 

(32) j e^{l{u)g)e{ug)du 

Ua(F)\Ua(A) 

Here 6 *^ is a vector in the theta representation of the group "His (A) • Spi 2 {A.). The function 
0 is a Schwartz function of A®. Arguing as in Lemma 1.1 in |G-R-S3j . we deduce that 
integral ([7]) is zero for all choice of data if and only if integral fl32l) is zero for all choice of 
data. Consider the SL 2 generated by { 2 :±iooo(^)}- One can check that this group is inside 
the stabilizer of the character as defined in integral ([7]). Hence, if we take g G SL 2 , then 
integral fl3^ defines an automorphic function in the of this group. It is not hard to check 
that this copy of SL 2 splits under the double cover when embedded inside Spi 2 - Indeed, after 
a suitable conjugation we can embed it inside Spu as g ^ diag{g, g, g, g*, g*, g*). However, 
this copy of SL 2 does not split under the double cover of F 4 . Therefore, as a function of 
g, integral (l32i) defines a genuine automorphic function of SL 2 {A). Our goal is to prove 
that integral fl32l) is zero for all choice of data. Since the identity function is not genuine, 
it follows that integral (|32il is zero for all choice of data if and only if, for all a & F* the 
integral 

(33) j j 9'll,{l{u)xiooo{r))9{uxiooo{r))'ilj{ar)drdu 

F\AUa{F)\Ua{A) 

is zero for all choice of data. Arguing as in Lemma 1.1 in [G-R-S3] . integral fl33l) is zero for 
all choice of data if and only if the integral 


(34) 


9{vuxiQoo{r))'4!u^(^2),uo{u)'il}(,aF)dvdrdu 


F\A UAi2){F)\UAmA) y(F)\V(A) 

is zero for all choice of data. Here U^{2) and 'iPuaC2),uo as defined in integral ([7]). Also, 
the group V is the unipotent subgroup of F 4 defined by 


V — { 2 : 1100 (^) 2 : 1110 (^ 2 ) 2 : 1111 (^ 3 ) 2 : 1120 (^) 2 : 1121 (^ 5 ) 2 : 1122 (^ 6 )} 

30 






Let R = Pa2,a3,a4 denote the maximal parabolic subgroup of F 4 whose levi part is GSpe. 
Denote its unipotent radical by U{R). Then integral fl5T|) is equal to 

(35) J 6{u)'i/ju(R)iu)du 

U{R){F)\U{R){A) 

where 'ipu{R) is dehned as follows. We have 

'<Pu{R){u) = tpu{R){xioQo{ri)xi 22 o{r 2 )xi 222 {r^)xi 2 A 2 {rA)u') = ip{arx + ( 3 ir 2 + I 32 rs + 

It follows from the description given in [I] Section 5 that the above Fourier coefficient is 
associated with the unipotent orbit A 2 . Therefore, from the assumption 0{Q) = Ai + Ai, it 
follows that the integral fl55D is zero for all choice of data. Thus, integral fl52D is zero for all 
choice of data and we derived a contradiction. Hence 0{Q) is less than the orbit Ai + Hi. 

Finally we consider the case 0{Q) = Hi. The set of Fourier coefficients attached to this 
orbits can be described as follows. Let U'^ denote the unipotent group dehned by 

= {(0122); (1122); 1222); (1232); (1242); (1342); (2342)} 

As before we confuse between a root a and its corresponding one dimensional unipotent 
group Xair). For (3 G (F*)^\F* we dehne a character 'ipu'^,i 3 of this group as follows. Given 
u G let 'il^u'^,/3{xi222{ri)xi242{r2)) = ' 0 (r’i + /dr’2). Then, the Fourier coefficients associated 
with this unipotent orbit, are given by 

(36) J e{u)ilJu'^^^{u)du 

U'^{F)\U'^{A) 

The stabilizer inside Spinr of ipu '^,0 contains a unipotent subgroup, for example the group 
generated by {xiooo(r)}. As in the case of i? 2 , it is convenient to separate into two cases. 
First when is a square, and the second case is when it is not a square. We will consider 
the hrst case, and omit the details in the second one. 

When /3 is a square we can conjugate by a suitable element, and integral (156]) is zero for 
all choice of data if and only if the integral 

(37) J 6{u)iiu'^{u)du 

U'^{F)\U'^{A) 

is zero for all choice of data, where now = 'ipu'^{xi 232 {r)u') = %lj{r). Arguing in a 

similar way as in the proof of Lemma 1.1 in |G-R-S3] . see also a similar case right before 
fl25]l . implies that we may consider the integral 

9{u'u)'ipu>^ {u)du'du 

U'(F)\U'(A) U'^(F)\U'^{A) 
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In other words, integral fim) is zero for all choice of data, provided the above integral 
is zero for all choice of data. Here U' is the nnipotent group which is dehned by U' = 
{(0111); (1111); (1221); (1231)}. Let V = U'U'^ and dehne ijjv to equal on U'^ extended 
trivially to H. It follows from n that the stabilizer of ipv is a group of type A^. It is 
not hard to check that it is the group SL^ which contains the abelian nnipotent group 
Z = {xoi 2 o(^i) 2 ^ii 2 o(^ 2 )a^i 22 o(’^ 3 )}- Consider the automorphic function of SL^^i^A) dehned 
by 

(38) f\g) = j 9{vg)'ipviu)du 

V{F)\V(A) 

Since the above group S'L 4 does not split under the double cover of F 4 , then f{g) is a genuine 
function. Expand this function along the group Z. The group SL^i^F) embedded in SL^i^F) 
in the obvious way, acts on this expansion, and we obtain two orbits under this action. 
Arguing as in the case when (9(0) = Ai + Ai we deduce that to prove that integral fl38|l is 
zero for all choice of data, it is enough to prove that the integral 


(39) j j 0{vxouo{rnl)xu2o{m2)xl22o{m3))^pv{u)iJ{'rnl)dmidu 

{F\A)3 V{F)\V{A) 

is zero for all choice of data. Indeed, if the above integral is zero for all choice of data, 
then f{g) is equal to its constant term corresponding to a nnipotent radical of a maximal 
parabolic subgroup. This is true only if f{g) is the identity function which is not the case. 
Using the left invariant property of 6 , we have 6 {h) = 6{w[214]h). Conjugating r(;[214] in 
integral fl3^ from left to right, and exchanging the root ( 0010 ) by ( 1221 ), we obtain that 
integral (|39ll dehnes a Fourier coefficient associated with the nnipotent orbit Ai + Ai which 
is greater than (9(0) = Ai. Hence it is zero, and hence integral flTTll is zero for all choice of 
data. Once again we derived a contradiction. 

It follows that 0 has no nonzero Fourier coefficients which corresponds to any nnipotent 
orbit which is greater or equal to Ai. This completes the proof of the Theorem. 

□ 


2.5. Properties of the Minimal Representation. In this subsection we shall derive basic 
properties of the representation 0. These properties are all a consequence of the smallness 
properties of this representation. 

From Theorem [1] we deduce two important properties of the representation 0. Let U 

denote the Heisenberg nnipotent radical of F 4 . In other words, let U = 1 / 02 , 03 , 04 • Let 

Z = {x 23 A 2 ij')} denote the one dimensional nnipotent group attached to the highest root of 

T 4 . Thus, the group Z is the center of U. Define a character iIju of U{F)\U{A) as follows. 
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For u G U, write u = xiooo{r)u'. Define 'ipuiu) = ■^(r). ( See subsection 2.1) For any 
g G F 4 (A), denote 

= j 6{ug)il)u{u)du 

U{F)\U(A) 


Similarly, we denote 


From Theorem [T] we deduce 


d^{g) = j e{ug)du 

U{F)\UiA) 


Proposition 3. With the above notations, we have the following expansion 


(40) 


0{zg)dz = e^{g) + ^^’"^(^ 2 ( 6 ) 71 /) 


Z{F)\Z{A) 


'y€Q{F)\Sp6iF) e£F* 


Here Q is the maximal parabolic subgroup of SpQ, whose Levi part is the group GL^. 


Proof. The group Z\U is abelian. Hence, we have the following Fourier expansion 

J 9{zg)dz = j 9{ug)f).y{u)du 

Z(F)\Z(A) '^^PGui^f)\U{A) 

where L{F) runs over all characters of Z{A)U{F)\U{A) . We can identify the group L{F) 
with F^^ ~ U{F)/Z{F). The group Spq{F) acts on L{F) as the third fundamental repre¬ 
sentation of SpQ. We have three type of orbits. First, we have the orbit corresponding to 
the zero vector. Then, we have the orbit generated by the group {xiooo}- The third type of 
orbits, are all the other ones not included in the first two. It is not hard to show that the 
Fourier coefficients which corresponds to an orbit of the third type correspond to a unipotent 
orbit which is greater than the unipotent orbit Ai. By Theorem [1] they contribute zero to 
the above expansion. Thus we are left with the first two type of orbits. The trivial orbit 
corresponds to the constant term, and the second one corresponds to the Fourier coefficient 
this expansion fl40p follows. □ 

Another result which can be derived from Theorem [1] is the following. Let Uq denote 
the unipotent radical of Q where Q is the parabolic subgroup of Sp^ which was defined in 
Proposition [HI Let denote the subgroup of Q dehned by = SL 3 ■ Uq. We have 

Proposition 4. For all q G Q°(A), we have 

(41) 

Proof. Let Usp^ denote the maximal unipotent subgroup of Sp^. The group Q°(A) is gen¬ 
erated by Uspf,{A) and the two simple reflections tc[3] and w[4]. Clearly fjTTll holds for the 
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above two simple reflections. Thus its enough to prove flTTl) for q G t/ 5 pg(A). The group Uq 
is abelian. Hence we can consider the Fourier expansion of 6 ^’’^ along this group. We have 

^ Uq(F)\Uq(A) 

where we sum over all characters of the group Uq{F)\Uq{A) . We claim that for all nontrivial 
characters, the Fourier coefficient 

J 9^''^{vg)'ip^{v)dv 

Uq{F)\Uq{A) 

is zero for all choice of data. This follows from the same type of arguments as in the proof 
of Theorem [H Indeed, when considering suitable Fourier expansions of the above integral 
we obtain two types of integrals. The first type are Fourier coefficients which are associated 
with unipotent orbits which are greater than Ai. Hence, by Theorem [1] they are zero. The 
second type is an integral of the form 

j d^^^\y)i^Y{y)dy 

Y{F)\Y(A) 

Here i? is a certain maximal parabolic subgroup of and U{R) is its unipotent radical. 
The group H is a subgroup of M{R), the Levi part of R. Finally, the character ipy is 
associated with a unipotent orbit which is greater than the minimal orbit of M{R). Thus, 
from Proposition [T] this integral is zero for all choice of data. 

Hence, only the constant term remains, and we proved (ITT|) for all q G Uq{A). In a similar 
way, using again Proposition [H we obtain the invariance property of 9^''^ along the adelic 
points of UspJUq. □ 

The next Proposition relate the minimal representation of F 4 to the theta representation 
defined on the symplectic group Consider the Fourier coefficient corresponding to the 

unipotent orbit Ai. In other words, consider the integral 

= f 9{x2342{r)g)ip{/3r)dr 

F\A 

Here fd ^ F*. This Fourier coefficient dehnes an automorphic representation of S'pg(A). Let 
Ri 3 denote the Heisenberg group with 15 variables. The group U is isomorphic to R 15 . We 
shall denote this isomorphism by l. We have 

Proposition 5. With the above notations, the space of functions 

34 


is a dense subspace in the space of functions Here g G S'pg(A), u G U{A) and 

^s’pi 4 ^ theta representation of'Hi^{A) ■ Spi^{A) attached to the character fj 13 . 

Also, we denote by the third fundamental representation of Sp^. 

Proof. It follows from m that the space of functions 

j Stpt4i^i'^)^^i9))0{vg)dv 

U{F)\U{A) 

is a dense subspace in the space of functions 6 ^’'^i^{ug). The result will follows once we prove 
that as a function of 5^ G Spq{A), the integral 

J ^Spt4i^iv)^3i9))0{vg)dv 

UiF)\U{A) 

is the identity function. Since the embedding of Sp^ in both Spi^ via the third fundamental 
representation does not split under the double cover, we deduce that the above integral is 
not a genuine function. Hence, to obtain the result, it is enough to prove that for all a G F* 
the integral 

j j ^tpt4{t'{v)^3{xoi22{r)))0{vxoi22{r))'il>{ar)drdv 

U{F)\U{A) F\A 

is zero for all choice of data. Unfolding the theta function, we obtain as an inner integration 
the integral 

J 9{v)f)v{v)dv 

V(F)\V{A) 

Here, the group V is the unipotent subgroup of F 4 which is associated with the seven 
positive roots of F 4 of the form ( 711712 ^, 3714 ) with 774 = 2. The character ify is dehned as 
'fvi'v) = 'ipv{xoi 22 {ri)x 2342 {r 2 )v') = '0(ari + (dr 2 ). Thus, the above integral is a Fourier 
coefficient which is associated with the unipotent orbit Ai. From Theorem [1] it is zero for 
all choice of data. 

□ 

2.6. On Minimal Representations of the Group S'pg(A). Let Qspe denote a minimal 
representation of S'pg(A). By dehnition this means that given any unipotent orbit of S'pg 
which is greater than (21^), then all Fourier coefficients of © 5 ^^ which are associated with 
this orbit (see EH) are zero for all choice of data. In the computations we shall perform we 

f 

will need for the representation © 5 ^^, similar properties to the ones we stated and proved in 
subsection 2.5. More precisely, we will need analogous results to those which are stated in 
Propositions [H [3l 0] and [5l 
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Recall that Sp^ has three maximal parabolic subgroups. Let P{GL‘i) denote the maximal 
parabolic subgroup of Sp^ whose Levi part is GL^. Similarly, we shall denote the other two 
maximal parabolic subgroups by P{GL 2 x SL 2 ) and P{GLi x Spi). We denote by U{GL^) the 
unipotent radical of P{GL^), and use similar notations for the other two maximal parabolic 
subgroups. We remark that the group GL 3 embedded in Sp^ as the Levi part of P{GL^), 
splits under the double cover of Sp^. To prove the analogous Proposition to Proposition 
[H we dehne the group Mq for each maximal parabolic subgroup P. When P = P{GL^) 
we denote Mq = GL^. When P = P{GL 2 x SL 2 ) we dehne Mq = GL 2 x S'L 2 , and when 
P = P{GLi X Spi) we denote Mq = Sp^. When Mq = GLs, a representation of Mq{A) is 
said to be minimal if it is one dimensional. When Mq = GL 2 x SL 2 , a representation of 
Mq{A) is said to be minimal if it is one dimensional on GL 2 . Finally, when Mq = Sp^^, a 
representation of Mq{A) is said to be minimal if it is a minimal representation of S'p 4 , that 
is its only nonzero Fourier coefficients are associated with the unipotent orbit (21^) of Sp^. 
We start with 

Proposition 6. Let U denote any unipotent radical of a maximal parabolic subgroup of Sp^. 
Then, as a representation of Mq{A), the constant term ® minimal representation. 

Proof. Consider the case when U us the unipotent radical of P{GL^). In this case, consider 
the one dimensional unipotent subgroup N = {x(r) = Iq + r{ei ^3 ~ 64 , 6 )}- Here Cjj is the 
matrix of size six which has a one at the {i,j) entry and zero otherwise. Expand the constant 
term Q^sp^ along the group N{F)\N{A). We claim that for all a ^ F*, the integral 

[ ^spf 

F\A 

f2) (2) 

is zero for all choice of data. Here is a vector in the space of Qspe- I^ideed, in this case 
the above integral contains as an inner integration a Fourier coefficient which corresponds to 
the unipotent orbit (2^1^). Since is a minimal representation, these Fourier coefficients 
are all zero. This means that as a function of GLq{A), the constant term Q^gp^ invariant 
under a copy of S'L 2 (A). Thus, as a function of GL 3 (A), the constant term Q^gp^ is a one 
dimensional representation. 

The other two maximal parabolic subgroups are treated in the same way. 

□ 

The next Proposition is the Sp^ version of Propositions [3] and 01 Let U denote the 
unipotent radical of the parabolic subgroup P{GLq). In terms of matrices we can identify 

U with all matrices of the form y "5 j where I = I 3 and X E Mat\ = {X E Mat^ : X = 
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J 3 XV 3 }. Let 'ipu be defied as 

i^u{u) =i^u(^ ^ V’(a^3,i) 

and denote 

= J efl^{ug)iJu{u)du 

UiF)\U(A) 

If we embed the group GL^ inside Spe as g ^ diag{g,g*), then the stabilizer of xjju inside 
GL 3 is the group of all matrices of the form 

Lq[GL^) “ I ^ ^ ^ GL 2 , y G Maf 2 xi|’ 

Let L{GL^) denote the maximal parabolic subgroup of GL^ which contains Lq{GL^). Finally, 
let L^{GL‘i) denote the subgroup of Lq{GL^) such that h G SL 2 . With these notations we 
prove 


Proposition 7 . We have the following expansion, 

(42) C(9) =»£"(«)+ E E C'''h'>(£)79) 

'reL(GL 3 )(F)\GL 3 (F) ee{±l}\F* 

Here h{e) = diag{l 2 , e, e~^, I 2 ) ■ Moreover we have 


(43) 


dspe {(19) — ^Sp6 


(g) 


for allqe L^{GL^){A). 


Proof. The proof is similar to the proof of Propositions [3] and HI Notice that U is an abelian 
group. Therefore, we can expand along U{F)\U{A). The group GL^{F) acts on the 

character group of U{F)\U{A), and all characters except the trivial one and any character 
that is in the same orbit of ipu, contribute zero to the expansion. This follows from the fact 
that any other character produces a Fourier coefficient which is associated with a unipotent 
orbit which is greater than (21^). From this, identity fj42l) follows. 

As for identity flT3l) . it follows from similar arguments. Indeed, let N = {/g + ri(ei ^2 — 
65 , 6 ) +^" 2 ( 61,3 — 64 , 6 )}- Expanding -^(-E)\X(A), it follows from the fact that 

®Sp 6 ^ minimal representation, that nontrivial characters of N(F)\N(A) contributes zero 
to the expansion. Thus ^ Since Lf{GL^){A) is generated by N{A) 

and the Weyl element diag(J 2 ,/ 2 , J 2 ), identity (IT3|) follows. 

□ 
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Finally, we prove the analogous to Proposition |5l To do that, let Z denote the unipotent 
subgroup dehned by Z = {x{r) = Iq + For /3 & F*, denote 

= f 0fp^{x{r)g)^{(3r)dr 

F\A 

Let U denote the unipotent radical of the maximal parabolic subgroup P{GLi x Sp 4 ). Then 
U can be identihed with the Heisenberg group As in Proposition |5] we have 

Proposition 8. With the above notations, the space of functions 

is a dense subspace in the space of functions d^spf’^^{ug). Here g G S'p 4 (A), u G U{A) and 
^s’pf ^ ^t’pi theta representation of'H^{A) ■ Sp^{A) attached to the character 13 . 

3. Commuting Pairs in F 4 

Let {H, G) be a commuting pair in the group F 4 . By that we mean that the two groups 
commute one with the other, but they need not be a dual pair. Let S denote an automorphic 
representation of the group F 4 (A). Let vr denote an irreducible cuspidal representation of 
H{A), and let 

( 44 ) /(g) = f ^,(h)E{(h,g))dh 

HiF)\H{A) 

Here is a vector in the space of S, and is a vector in the space of vr. Denote by cr( 7 r, T) 
the automorphic representation of G(A) generated by all the functions f{g) dehned above. 

As explained in the introduction we are looking for those cases which satisfy equation (jl]). 
In this case, since V is trivial, equation (|1]) is given by 

(45) dim vr + dim S = dim H + dim cT( 7 r, £) 

We will consider the following commuting pairs: 

1) {H,G) = {SL,,SL,). 

2) {H,G) = {SL 2 X SL2,Spi). 

3) {H,G) = {SL2,SU). 

4) {H,G) = {S0^,G2). 

5) {H,G) = {SL^,Sp^). 

The way these groups are embedded inside F 4 will be discussed below. In each of the 

above cases we check the conditions such that equation fl45|) holds. Notice that in integral 

fl44p . there is a symmetry between H and G. In other words, given an irreducible cuspidal 
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representation a of the group G(A), we can consider the representation of H{A) generated 
by the space of functions 

(46) j ^p^{h)E{{h,g))dg 

G(F)\G(A) 

The corresponding equation for this case is 

(47) dim a + dim S = dim G + dim 7 r{a, £) 

Thus, in each of the above cases we should check both options. The representation £ is 
dehned on T 4 , and hence its dimension should be a half of the dimension of some unipotent 
orbit of T 4 . For a list of the unipotent orbits, and their dimensions, we refer the reader to 
|C-M] page 128. It follows from that list that the minimal representation, the one constructed 
in the previous Section, is of dimension 8 . The one above it is of dimension 11, and so on. 
We have 

1) (i7, G) = (S'La, SL^). Since tt is cuspidal, then it is generic, and hence dim vr = 3. We 
have dim S'La = 8 . Hence, equation flT5|l is dim £ — dim cr( 7 r,£^) = 5. Since cr( 7 r, T) is an 
automorphic representation of its dimension is at most 3, and hence the only option is 
that dim £ = S and dim cr( 7 r, £) = 3. 

2) {H,G) = {SL, X SL 2 ,Sp 4 ). Here dim H = 6 , and dim vr = 2. Hence we have 
dim £ — dim a{ 7 T,£) = 4. The representation a{ 7 T,£) is an automorphic representation of 
Spi, hence its dimension is 2,3 or 4. Thus, the only option is dim £ = 8 and dim (j( 7 r, £) = 4. 
Thus we expect cT( 7 r,£^) to be generic. 

To consider the options for integral flT 6 |) we notice that dim G = dim Sp 4 = 10, and since 
7 r(cr,£^) is an automorphic representation on SL2(A) x SL2(A), then dim 7 r(a,£) = 1,2. 
Thus, we have two options, hrst 12 = dim £ + dim a and the second is 11 = dim £ + dim a. 
The representation a is a cuspidal representation on Sp 4 , and hence its dimension is at most 
4. Thus in both cases we have dim £ = 8 . In the hrst case we get dim <7 = 4 and in the 
second dim a = 3 . 

3) (H, G) = ( 5172 , SL 4 ). Since dim H = 3 and dim tt = 1, we obtain dim —dim cr( 7 r, £) = 
2. Thus, the only option is dim £ = 8 and dim a( 7 r, £) = 6. 

In the other direction, we have dim G = dim SL 4 = 15. Also, since a is cuspidal, it 
must be generic, and hence dim cr = 6 . The group H = SL 2 , and hence dim 7 r(cr, £^) = 1. 
Thus we obtain 15 + 1 = dim £ + 6, or dim = 10. From [C-Mj it follows that there is 
no unipotent orbit whose dimension is 20 , and hence we dont expect a representation of F 4 
whose dimension is 10 . 
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4) (if, G) = {SO 3 , G 2 ). As in the previous case we obtain dim £ — dim cT(7r, £) = 2 . Thus, 
the only option is dim £ = 8 and dim a(7r,£) = 6 . Hence, we expect the image of this lift 
to be a generic representation of 6 * 2 - 

In the other direction we have dim G = dim G 2 = 14. Since H = SO 5 , then dim 7 r(cT, £) = 
1. Also, cr is a cuspidal representation of G 2 , and hence dim a = 5, 6 . This implies that 
14 + 1 = dim £ + dim a, and hence dim £ = 9, 10. By [C-Mj we dont expect a representation 
which such dimensions. 

5) (if, G) = {SL 2 , Spe). Here if is of the same type as the previous two cases, and hence 
we get the identity dim £ — dim a{ 7 r,£) = 2 . Since a{ 7 i,£) is a representation of Sp^, its 
dimension is at most 9. Thus dim £ is at most 11, and there are two cases. First, when 
dim £ = 11 and then dim cr( 7 r,T) = 9. In this case cr( 7 r, T) is a generic representation. The 
second case is when dim £ = 8 and dim cT( 7 r, = 6 . 

In the other direction, since dim G = dim Sp^ = 21, and H = SL 2 then dim 7 r{a,£) = 1, 
and hence dim £ + dim a = 22. The representation a is cuspidal, and hence dim a = 6 , 8 , 9. 
From this we obtain that dim £ = 15,14,13. From |C-M] we deduce that the last case is 
impossible, but it is possible that dim £ = 15,14. 

As can be seen from the above in all cases, except case number 5), the only representation 
£ of +4 which satisfies the dimension equations flTSD or fITTI) is the minimal representation 
0. In the following subsections we shall consider the above cases. In each case we will 
determine when the image of the lift is cuspidal and when it is nonzero. We will consider 
both liftings given by integrals fl44p and flT^ even though the dimension formula may not 
work in both directions. We do that since studying the other direction as well may give us 
some information of how to characterize the image of the lift. In this paper we only consider 
the case when £ = Q, the minimal representation of the double cover of + 4 . This implies 
that some of the representations are defined on the double cover of H or G. 

3.1. The Commuting Pair {SL 3 , SL 3 ). In this subsection we will study the lifting from 
the double cover of GL 3 to the linear group SL 3 , and the lift from GL 3 to the double cover 
of SL 3 . We shall denote by SL 3 the double cover of SL 3 , and similarly for GL 3 . 

3.1.1. From GL 3 to SL^. To construct this lifting, we hrst embed the commuting pair 
(5+3, 5 + 3 ) inside F 4 as follows. The hrst copy of SL 3 is generated by < x±(iooo)(’"i); 
2 :±(oioo)(’^ 2 ),a;±(iioo)(?’ 3 ) > and the other copy is generated by < x±(oooi)(?^i), 2 :±(i 23 i)(’^ 2 ), 
3^±(i 232)(’"3) >• Notice that the hrst copy is generated by unipotent elements which corre¬ 
sponds to long roots, and the second copy by unipotent elements corresponding to short 
roots. This means that the hrst copy of SL^, when embedded as above inside F 4 , does not 

split under the covering, but the second copy does. 
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Let TT denote a cuspidal representation of the group GL 3 (A). We consider the integral 
(48) f{h)= j (p{g)0{{h,g))dg 

SL3{F)\SL3{A) 

Here ^ is a vector in the space of n and {h,g) G (SL^i^A), SL^i^A)) embedded in F^^A) as 
above. In other words, the hrst copy of SL^ is the one which is generated by short roots 
in F 4 , and the second copy is equal to < a:±iooo(?"),3:±oioo(’") >• The function f{h) dehnes 
an automorphic function of SL 3 {A). As we vary the data in integral fHHjl . we obtain an 
automorphic representation of SL 3 {A) which we shall denote by cr(7f). Our hrst result is 

Proposition 9. The representation (t{f) is a nonzero cuspidal representation of SL 3 {A). 


Proof. To prove cuspidality, we have to show that the integrals 


I = 


f{vh)dv 


V{F)\V{A) 

is zero for all choice of data, where V is any unipotent radical of a maximal parabolic sub¬ 
group of SL^. Up to conjugation there are two such unipotent radicals. They are given by 
Ui = {a:oooi(?"i)a^i 232 (’" 2 )} and V 2 = {xi 23 i{ri)xi 232 {r 2 )}■ It is easy to see that the Weyl ele¬ 
ment tc[321323] conjugates Vi to V 2 and hxes the group SL 3 =< x±(iooo)(^’i), 3 :±(oioo)(’" 2 ) >• 
Hence, to prove the cuspidality of cT( 7 f), it is enough to show that the constant term of f{h) 
along U = 1 / 2 , is zero for all choice of data. 

Let Ui denote the unipotent subgroup of F4 generated by all < Xa{r) > where a G 
{0122; 1122; 1222; 1242; 1342; 2342}. Let U 2 =< Ui, Xi 232 {f) >■ We expand I along the group 
Ui{F)\Ui{A). The group Spine{F) generated by < a;±(iooo)(’’); a:±(oioo)(’’); a:±(oi 2 o)(’’) > acts 
on this expansion with three type of orbits. The hrst type of orbit correspond to the set of 
all vectors in F^ which have nonzero length. Combining the integration over Ui{F)\Ui{A) 
with the integration over Xi 232 (’") we obtain the integral 


J 9{u2m)i!{'^ ■ U2)dU2 

U2iF)\U2(A) 

as an inner integration to the expansion. Here 7 G is a vector with a nonzero length. 
However, this Fourier coefficient corresponds to the unipotent orbit Ai. By the minimality 
of 0 it is zero. Hence we are left with the two orbits which corresponds to the zero vector 
and to all nonzero vectors with zero length. Thus I is equal to 

tp{g)9{u2{xi23i{ri), g))du2dridg+ 

SL3iF)\SL3(A) F\A U2iF)\U2{A) 
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j V{.g) J J 0{u2'y{xi23i{ri),g))i/Ju2{u2)du2dridg 

SL3iF)\SL3(A) F\AU2iF)\U2{A) 'r^SiF)\SpineiF) 

where 'ipu 2 is defined as follows. If U 2 = 2 : 0122 (^" 1 )^ 2 ) then define V’f/ 2 ('^ 2 ) = ( See 

subsection 2.1 for notations). Also, the group S is the stabilizer of 'ijju 2 inside Spin^. Thus 

S =< x±(oioo)(?^);2 :±(oi2o)(?^); 2 : 1000 (?^); 2 : 1100 (?^); 2 : 1120 (?^); 2 : 1220 > 

Denote the first summand by I' and the second one by I". 

We start with I". Let L denote the maximal parabolic subgroup of Spirit which contains 
the copy of SL 3 generated by < 2 :±(iooo)(d), 2 :±(oioo)(?^ 2 ) >• The space S{F)\SpinG{F)/L{F) 
contains two representatives which can be chosen to be e and w[1323]. Thus, J" is equal to 

^{g)0{u2{xi23i{ri),g))'ijju2{u2)du2dridg+ 

S(2)(F)\SL3(A) F\A U2{F)\U2{A) 



^{g) j d{u2w[123]xoi2o{di)xu2o{d2){xi23i{ri),g))iJu2{u2)du2dridg 

S(1)(F)\SL3(A) 

where we used the left invariant of 6 under rational points to replace the Weyl element 
tc[1323] by w[123]. Here, the group S'(l) denotes the maximal parabolic subgroup of S'Ls 
which contains the group { 2 :^ 1000 }- Similarly we define S{ 2 ). Also, in the second summand, 
the variables ri and U 2 are integrated as in the first summand. Denote the first summand by 
/" and the second one by F^. We start with J". Expand it along the group U/Z with points 
in F\A. Here U = Ua 2 ,a 3 ,a 4 is the unipotent radical of the maximal parabolic subgroup of 
F 4 whose Levi part is GSpe, and Z = { 2 : 2342 (^ 21 )} is its center. Using Proposition [3l this 
expansion contains two summands. The constant term in the expansion of If contributes 
zero to the integral. Indeed, it is equal to 

(p{g)9’^{u2{xi23i{ri),g))'il!u2{u2)du2dridg 

S{2)iF)\SL3{A) F\A Z{A)U2{.F)\U2{A) 

The unipotent radical of S{2) is the unipotent group L = { 2 : 1000 ( 2211 ) 2 : 1100 ( 2 ^ 2 )}. Notice that 
L is a subgroup of U. Hence, as a function of g, the integral 

9^{u2{xi23i{ri),g))'ipU2{u2)du2dri 

F\A Z{A)U2{F)\U2{A) 

is left invariant under I G L{A). Hence, we get the integral J (p{lg)dl as inner inte- 

L{F)\L{A) 

gration. This integral is zero by the cuspidality of vr. 
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Thus I” is equal to 

/ Vi.9) / E E 6^’^{h2{e)'^U2{xi2zi{ri),g))'ilju^{u2)du2dridg 

S(2)(F)\Si3(A) l€Q{,F)\Sp,{F)e&F* 

where ri is integrated as before and U 2 is integrated over Z{A)U 2 {F)\U 2 {A). Let P de¬ 
note the maximal parabolic subgroup of SpQ whose Levi part contains Sp^. The space 
Q{F)\Spq{F)/P{F) consists of two elements and as representatives we choose e and tc[234]. 
Hence, If is equal to 

/ / E E 0^’'^{h2{e)jU2{xi23i{ri),g))'ipu2{u2)du2dridg+ 

S{2){F)\SLs(A) 7eS(3)(F)\Sp4(F)^eF* 

f ^ia) 0^’'^{h2{e)w[234:]y{6i,62,S3)'yu2{xi23i{ri),g))'ilJu2{u2)du2dridg 

'reS(3){F)\Spi{F) SiGF-, e^F* 

where all variables in the second summand are integrated as in the first summand. Also, we 
have j/(hi, (52, 53 ) = xoooi(< 5 i)a:ooii(< 52 )a:oi 22 (( 53 )- Notice that xoi 22 (’") commutes with 7 e Sp 4 
and that this group actually normalizes the group U 2 ■ Hence, in the hrst summand, we can 
conjugate this unipotent element to the left, and using Proposition HJ we deduce that 

g (-^ 0^''^{h2{e)'-^XQi22ir)u2{xi23iiri),g)) 


is left invariant by 0 : 0122 for all r G A. Since is nontrivial on 0 : 0122 (^"), the hrst 
summand is zero. In the second summand, after conjugating U 2 across 7 , we conjugate the 
unipotent element Xii 22 (?") to the left. We have 

h 2 (e)M;[ 234 ]i/(( 5 i, 82, 53)xii22{r) = xwm{e~^r)h2{e)w[2M]y{5i, 62, S3) 

Changing variables, we obtain f i/^(€~^r)dr as inner integration. This integral is clearly 

F\A 

zero, and hence /" = 0 . 

Next we consider Expanding along P/Z, using Proposition |31 the nontrivial orbit 
contributes 

^(£/)x 

S(1)(F)\SL3(A) F\A Z{A)U2{F)\U2(A) 

E E d^''^{h2{e)'-fU2w[l2?,]xm2o{Si)xii2Q{S2){xi23i{ri),a))'4^U2{'^2)du2dridg 

■y€QiF)\Spe(F) <5ieF,eeF* 

We consider the space Q{F)\Spq{F)/P{F). Arguing as in the computation of J" we obtain 
that this integral is zero. Thus we are left with the contribution from the constant term 

j ^ia) 0^{xoi 22 ir)w[ 123 ]xoi 2 o{Si)xu 2 oiS 2 )ixi 23 i{ri), a))i^ir)drdridg 

S(1)(F)\5L3{A) (F\A)2 
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Conjugate 0:1231 (ri) to the left. We obtain the integral 

(49) f ^ 6 '^(a:oi 2 i(ri)o:oi 22 (r)M:[ 123 ]a:oi 2 o(( 5 i)a:ii 2 o( 52 )(l, g))'ilj{r)drdri 

(F\A)2 

as inner integration. Expand this integral along the unipotent element 0:0120 (’" 2 )- We claim 
that the nontrivial coefficients contribute zero to the integral. Indeed, to show that, it is 
enough to prove that the integral 


J 0'^ {xoi2oir2)xoi2iiri)xoi22ir))i>{f3r2 + r)dridr2dr 

(F\A)3 

is zero for all fd ^ F*. It follows from Proposition [H that this integral is zero if the integral 


(F\A)3 


/I 


ri r\ 

r2 ri 


l\ 


J\ 


'4’{l3r2 + r)dridr2dr 


is zero for all choice of data. Here, 6 q is a vector in the space of ©g. This representation 
was introduced right before Proposition HI and it follows from Proposition [T] that it is a 
minimal representation for S'pg(A). It follows from |Glj that the above Fourier coefficient is 
associated with the unipotent orbit (2^1^). Hence it is zero for all choice of data. 

Thus fH9]) is equal to 


/ ^ 6'^(a:ol2o(^^2)a:ol2l(©)a:ol22(^^)^i^[123]a:ol2o(<5l)xll2o(52)(l, g))'ip{r)drdridr2 

(F\A)3 

Using commutation relations and Proposition 01 one can check that as a function of g, this 
integral is left invariant under Xoioo(’^i) 3 :iioo(^ 2 ) for all rrii G A. Thus we get zero by the 
cuspidality of T. From this we deduce that I” = 0. 

Next we consider I'. Expand the integral along U{B^)/U 2 with points in F\A. Here 
U{B^) = Uai^a 2 ,a 3 IS the unipoteut radical of the maximal parabolic subgroup of F 4 whose 
Levi part is GSpin-j. If Xa{r) G U{B^) but not in U 2 then a is a short root. This means that 
if we consider a nonzero Fourier coefficient in this expansion, we get as inner integration, the 
Fourier coefficient which corresponds to the unipotent orbit Ai. This Fourier coefficient is 
zero by the minimality of 0. Thus we are left with the constant term. That is, F is equal to 


SL3{F)\SL3{A) 

Let Li denote the unipotent subgroup of Spin^ generated by < xoi 2 o(’"); 2 : 1120 (?"); 2 : 1220 (?’) >• 

We expand the above integral along the group Li(F)\Li(A). The group SL^i^F), embedded 
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as above, acts on this expansion with two orbits. Thus /' is equal to 

(50) j j ^{g)e^^^^'^^^'^{{l,g))dg 

SLi(F)\SLi(A) S(2)(F)\SL3{A) 

where 

= j e^^^^\xoi2o{ri)xu2o{r2)xi22o{r3){l,g))'il!{ri)dri 

(F\A)3 

Let L 2 denote the group generated by < Li, a:ooio(?"); a;oiio(^"); a;iiio(r) >. In the hrst sum¬ 
mand of (|5nil we expand the integral along L2/L1 with point in F\A. The group SL^i^F) 
acts on this expansion with two orbit. The nontrivial orbit contributes the integral 

j ^{9)^^^^^^^'{xoow{rl)xollo{r2)xulo{r5){l,g))^p{rl)dridg 

S(1)(F)\SL3(A) (F\A)3 

Since (0010) is a short root, then after a suitable conjugation, we obtain as inner integration, 
a Fourier coefficient which corresponds to the unipotent orbit Ai. Thus we get zero by the 
minimality of 0. The contribution of the constant term is the integral 

SL3{F)\SL3{A) 

To show that it is zero, let E{g,s) denote the Eisenstein series of GL^i^A) associated with 
the induced representation Ind^^^!)^'^ Here L is the maximal parabolic subgroup of GL 3 
whose Levi part is GL2 x GLi. Since the identity is the residue of this Eisenstein series, 
then to prove that the above integral is nonzero, it is enough to prove that the integral 

(51) j ^{g)e^^^^^^^{{l,g))E{g,s)dg 

SL3{F)\SL3{A) 

is zero for Re(s) large. Unfolding the Eisenstein series we obtain 

9))f(9^ s)dg 

S(1)(F)\SL3(A) 

Expand along the unipotent group {a;oioo(’^ 2 )a;iioo(^ 3 )}- Notice that this group is the 
unipotent radical of S'(l). The group GL 2 , which is the Levi part of S'(l) acts on this 
unipotent group with two orbits. The trivial one contributes zero by the cuspidality of T. 
Thus we obtain 

j ^{g)9^^^^'^^^{xoioo{m2)xiioo{m3){l,g))'ijj{m2)f{9,s)dmidg 
T{F)N(F)\SL3{A) (F\A)2 
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Here N is the maximal unipotent subgroup of SL^, and T is a one dimensional torus. We 
further expand along {xiooo(’^i)}- The trivial orbit contributes zero by cuspidality of n. 
The nontrivial orbit contributes the integral 

J e^‘^^^'>^^{xlooo{ml)xoloo{m2)xuoo{m3){l,g))^jJ{'yml + m2)dmi 

(F\A)3 

as inner integration. Here 7 G F*. Applying Proposition [T] with R = Pai,a 2 ,a 4 this integral 
is zero. 

As for the second summand of (l50|) . we expand the integral along the unipotent group 
{3^iooo(^)^iioo(^)}- The group GL 2 {F) in S{2){F) acts on this expansion with two orbits. 
The orbit which corresponds to the trivial character contributes zero by the cuspidality of (p. 
The nontrivial orbit contributes zero using Proposition [1] with R = Pai,a 2 ,a 3 - Thus F = 0. 
This completes the proof of the cuspidality of the lift. 

To show that the lift is always nonzero, we shall compute the Whittaker model of the lift. 
In other words, we shall compute the integral 

Wf{h)= j f{xoQm{ri)xi2i.i{r2)xi2i.2{r3)h)'4){ri + r2)dri 

(F\A)3 

We shall denote this unipotent group by V, and the above character by Fv- Thus we need 
to compute the integral 

^{g)e{{vh, g))Fviv)dvdg 

SL3{F)\SL3{A) V{F)\V{A) 

Following the same expansions as in the proof of the cuspidality, we obtain that all terms 
contribute zero except the integral 

J Fig) ^ 6’^^'^{w[123]xoi2oidi)xn2oid2)ivh,g))Fviv)dvdg 

S{1){F)\SL3{A) V{F)\V(A) 

where 

= J 9{u2m)'ijju^{u2)du2 

U2(F)\U2iA) 

The group U 2 and the character ‘ipU 2 were dehned in the beginning of the proof of the 
Proposition. 

The group SL 2 iF) generated by < a:±(iooo)(^) > acts on the set { 0 : 0120 (^ 1 )^ 1120 (^ 2 ) : ^ 

F} with two orbits. First, we claim that the contribution from the trivial orbit is zero. 
Indeed, as explained in the proof of the cuspidality, we have 

6*^^’’^(m) = f 9^'^’^{xiuiir)m)dr 

F\A 
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This follows from the fact that (fill) is a short root, and if we expand the integral along 
the nnipotent gronp {xiiii(r)}, then by Theorem [H all the nontrivial Fonrier coefficients 
will contribnte zero. This means that the fnnction h i—)■ 0^2’^(i/;[123](h,^f)) is left invariant 
by xoooi(^") for all r G A. Since 'ipv is nontrivial on xoooi(r) we get zero contribntion. Thus 
we are left with the nontrivial orbit. Hence, we obtain 

Wf{h)= j j Lp{g)0^^’^{w[l2?,]xii2o{l){vh,g))'4)v{v)dvdg 

N{F)\SL3{A) V{F)\V{A) 

Here N is the maximal nnipotent subgroup of SL^. 

Next, as in the proof of the cuspidality, we expand the above integral along the group U/Z 
with points in F\A. As in the cuspidality part, the nontrivial orbit contributes zero. Thus 
only the constant term contributes. Conjugating v to the left, Wf{h) is equal to 

(52) J (p{g) j e^{l{rl,r2,r)w[123]xll2o{l)ih,g))^jJ{rl + r 2 + r)dridrdvdg 

N{F)\SL3{A) {F\A)3 

where /(ri,r 2 ,r) = a;oiii(ri)a;oi 2 i(r 2 )a:oi 22 (r). Denote 

L{g) = j 6»^(/(ri,r2,r)w[123]xii2o(l)(h,5f))V’(r’i+ ^2 + r)drdri 

(F\A)3 

Then, conjugating from left to right, and changing variables, we obtain 


.^(xiooo )a;oioo (m 2 )xiioo ("^3)5') = 


= J 0^{l{ri,r2, r)xoioo{mi)xoi2o{m2)w[123]xu2oil)ih, g))^|J{rl + r2 + r)dridr 

{F\Af 

From Proposition [U it follows that the function 6 ^{m), when restricted to Sp^, is the the 
minimal representation ©g. ( See before Proposition [2]) . Consider the integral 

j 0^{l{ri,r2, r)xoloo{ml)xol2o{m2))^|J{rl + r2 + r)drdv 

{F\Ap 

Notice that /(ri, r 2 , r)xoioo(’^i)a^oi 2 o("i 2 ) is in SpQ. Therefore, we can use Proposition [7l 
More precisely, we use the expansion flT2D . where to avoid confusion we shall write U{GL^) 
in expansion fH2ll instead of U. The first summand in the expansion is the constant term 
along U(GL^). When plugging it into the above integral we get zero because of the character 
'ip{r). The second summand in fH2D contributes 

/ E E r)m)%jj{ri + r2 + r)drdv 

(F\A)3 1&L{GL3){F)\GL3{F) eG{±1}\F* 
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where we denoted m = a:oioo(^i)a^oi 2 o(’^ 2 )- We also view the matrices h{e) and 7 as elements 
in F 4 via of the embedding of Spe inside F 4 . The quotient L{GL 3 ){F)\GL 3 {F) is the union 
of the three cells 



Here 61,62 € F. It is not hard to check that the hrst two cells contribute zero. Indeed, 
this follows from the conjugation of l{ri,r 2 ,r) to the left across h{e)'y. As for the big 
cell, conjugating l{ri,r 2 ,r) to the left we obtain / “ l)r)dr, J 'ip {{62 — l)ri)dri and 

J 'i 6 { 6 i — I)r 2 )dr 2 as inner integrations. Here all variables are integrated over F\A. Hence, 
the above integral is equal to 

^{/c/(GL3),7^y^[34]3.p^P^^X)xooii(l)2:oioo("ii)2:oi2o("i2)) = 

= +m2))6'^^^'^^^^’’^(w[34]xoooi(l)2:ooii(l)) 

where the last equality follows from the conjugation of the m to the left, taking into an 
account the commutation relations in F^. 

Returning to integral fl52|) . factoring the integration over N, we obtain 

Wf{h) = J W7(f7)0'^''(''^^)’^(w;[34]xoooi(l)a:ooii(l)w^[123]xn2o(l)(h,^?))df7 

N{A)\SL3{A) 

where W^{g) is the Whittaker coefficient of the function p{g). Using a similar argument as 
in [G^ . we deduce that Wf{h) is nonzero for some choice of data, if and only if W;p{g) is 
nonzero for some choice of data. Thus the lift is always nonzero. This completes the proof 
of the Proposition. □ 


3.1.2. Prom GL 3 to SL^. For this lifting we consider the following embedding of {SL^, SL^) 
inside F 4 . The hrst copy is generated by < x±(oooi)(?^i),a:±(ooio)(»^ 2 ),a;±(ooii)(?’ 3 ) > and the 
second copy is generated by < x±(iooo)(^^i),a;±(i 342 )(r 2 ),x±( 2342 )(’^ 3 ) >• As in the previous 
subsection, the hrst copy of SL^ splits under the cover of F 4 , and the second one does not. 

Let 71 denote a cuspidal representation of GL^^A). We consider the space of functions 


(54) 


fih) 


= j ^{9)d{{h,g))dg 

SL3{F)\SL3{A) 


Here (p is a vector in the space of vr and {h,g) G (SL^i^A), SL^i^A)) embedded in F 4 (A) as 
above. The function f{h) dehnes an automorphic function of SL^{A). As we vary the data 
in integral (l54D . we obtain an automorphic representation of S'L 3 (A) which we shall denote 
by ?( 7 r). First we prove 
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Proposition 10. The representation is a cuspidal representation of SL^[A). 

Proof. To prove cuspidality, we have to show that the integrals 

I = j f{vh)dv 

V(F)\V(A) 

are zero for all choice of data, where V is any maximal nnipotent snbgronp of SL 3 . Up to con¬ 
jugation there are two such nnipotent radicals. They are given by Vi = {xiooo(’" 1 ) 2 ^ 2342 (’" 2 )} 
and V 2 = {xi 342 (ri)a; 2342 (r 2 )}. The Weyl element tc[234232] conjugates Vi to V 2 and hxes 
the group SL 3 =< x±(oooi)(ri), x±(ooio)(r 2 ), x±(ooii)(r 3 ) >■ Hence, to prove the cuspidality 
of 5(vr), it is enough to show that the constant term of f(h) along V = V 2 , is zero for all 
choice of data. 

Let [/ = 1 / 02 , 03 , 04 - It center was denoted by Z. Thus Z = {x 2342 (?")} C V. We have 

y J {{h, g))dg 

SL3{F)\SL3{A) Z{A)V{F)\V{A) 

It follows from Proposition [3], that I is equal to 

T{9W^{9)d9+ 

SL3{F)\SL3{A) 

J pig) j '^d^’'^ih 2 {eh{v,g))dvdg 

SL3iF)\SL3{A) Z{A)V{F)\ViA) 76Q(i^)\S'p6(i^) 

where Q was dehned in Proposition [3l Denote the hrst summand by /' and the second 
summand by I". From Proposition [T], it follows that /' is equal to 

j T{9)d&{g)dg 

SL3{F)\SL3{A) 

Here SL 3 is embedded in Sp^ in the Levi part of the GL 3 parabolic subgroup, and 6 q is a 
vector in the space of the representation ©g. (See before Proposition[2]). To the above integral 
we apply the expansion fjT2l) where we write U{GL 3 ) instead of U. The hrst term of the 
expansion contributes zero to Indeed, it follows from Proposition [ 6 ] that as a function of 
GL 3 {A), the function is one dimensional. Hence, we obtain the integral j (p{g)dg 

as inner integration. Here g is integrated over SL 3 {F)\SL 3 {A). By the cuspidality of tt we 
get zero. The second term in (H2|l contributes 

L'{GL3){F)\SL3{A) 
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where L'{GL^) = L{GL^) fl GL^. Notice that L'{GL^) contains a unipotent radical of the 
group SL^,. Factoring this unipotent radical, and using we obtain zero by the cuspidality 
of TT. Thus /' = 0. 

To compute /" we consider the double coset space Q{F)\Spq{F)/Q{F). This space con¬ 
tains four representatives which we can choose as e, tc[2], tc[232], w[232432], For 1 < i < 4, 
we denote by Jj the contribution to /" from each of the above four representatives. We start 
with Ji. It is equal to 

ip{g) j '^e^'^{h2{e){v,g))dvdg 

SL3{F)\SL3{A) Z{A)V{F)\V{A) 

From Proposition m it follows that for all g G S'L3(A) we have 



Thus we obtain the integral f ip{g)dg as inner integration. This is clearly zero, 

SL3{F)\SL3{A) 

and hence Ji = 0. Next, the integral I 2 is equal to 

I ^{ 9 ) / E Z 9^'^{h 2 {e)w[ 2 ]xoioo{S)'y{v, g))dvdg 

SL3{F)\SL3{A) Z{A)V{F)\V{A) 765(4)(F)\5L3(F) <5GF,eGF* 

Here S{4) is the maximal parabolic subgroup of SL^ whose Levi part is GL 2 which contains 
the group SL 2 =< ±(0001) >. This integral is equal to 

J ^(g) J d^''''ih 2 ie)w[ 2 ]xoiooi 6 ){v,g))dvdg 

S(4)(F)\SL3(A) Z{A)V(F)\ViA) ^eF,eGF* 

Let L = {a:ooio(^i) 3 ;ooii(^ 2 )} denote the unipotent radical of 5'(4). Conjugating I E L to the 
left, using Proposition HI we have 9^’^ {h2{e)w[2]xoioo{5){v, Ig)) = 9^''^{h2{e)w[2]xoioQ{5){v, g)) 
for all I G L(A). Thus we obtain the integral J ip{lg)dl as inner integration. By the 

L{F)\L{A) 

cuspidality of tt this integral is zero. Hence J 2 = 0. For J 3 we obtain 

J V^ig) J 9^'^{h2ie)w[232]xoioo{6i)xoiio{62)xoi2oi63){v,g))dvdg 

S(3)(F)\5L3(A) Z(A)V(F)\y(A) '5i6F,eGF* 

where S{3) is the maximal parabolic subgroup of SL 3 whose Levi part contains the group 
SL 2 =< x±(ooio)(’") >• Denote by L its unipotent radical. Thus L = {a;oooi(^i) 3 ;ooii(^ 2 )}- 
Arguing as in the case of I 2 , we get zero by the cuspidality of n. Finally, G is equal to 

(55) J ip{g) J ^^9^’^{h2{e)w[232A32]y{6i,...,Se){v,g))dvdg 

SL3{F)\SL3(A) Z{A)V{F)\V(A) <5i6FeGF* 

Here 

y{6i ,..., hg) = a^oioo(<^i)2^oiio(<^2)a^oiii(<53)a:oi2o(<54)a:oi2i(55)2^oi22(56) 
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We have VjZ = { 0:1342 (?")}• Hence, using commutation relations 


h2(e)M;[232432]i/((5i,..., 56)a;i342(r) = xioQo{er)h2{e)w[2?>2A‘i2]y{5i, ...,5 q) 

Changing variables in U, we obtain J 'ip{er)dr as inner integration. Since e G F*, this 

F\A 

integral, and hence 14 , are both zero. This completes the proof of the Proposition. □ 

3.1.3. On the Nonvanishing of the Lift. It follows from Proposition |9l that the lift from 
GL^{A) to SL^{A) is always nonzero. In this subsection we will determine a condition on 
a cuspidal representation vr defined on GL^{A) so that the lift to a cuspidal representation 
of SL^{A) is nonzero. In other words, we want to find a condition on vr such that the 
representation a(vr) is nonzero. This is equivalent to find a condition on vr such that integral 
fl5T|) is nonzero for some choice of data. From Proposition [TOl it follows that 5(vr) is a cuspidal 
representation. This means that ?(vr) is nonzero if and only if it is generic. Thus we need 
to prove that there is a /? G such that the integral 

j f{xlooo{rl)xl342{r2)x23‘i2{r3)h)^p{(3rl + r2)dri 

(F\A)3 

is not zero for some choice of data. 

Let /9 G {F*)^\F*. For /ii,/i 2,/^3 ^ such that /ii/X 2/^3 = consider the matrix 

/ /ii\ 

/^2, /^3) — I I 

\fi3 ) 

We shall denote by the orthogonal group which preserves the form given by 

^^2, fJ's)- 

Our result is 

Proposition 11. Suppose that the representation a{ tt) is nonzero. Then there exists numbers 
h'ly T 2 , ^^3 o,bove with /ii/i 2/^3 = /3, such that the integral 

(56) J {p{mg)dm 

SO^i ■''3 ’''3 (F)\SO^i .('2 .M3 (A) 

is nonzero for some choice of data. 

Proof. Let L = {xiooo(^"i)a:i 342 (^" 2 )a: 2342 (’" 3 )} denote the maximal unipotent subgroup of SL 3 . 
Denote 'ipL,p{l) = + r 2 ). Thus 

Wjp{h) = j J{lh)'fL,g{l)dl 

L{F)\L{A) 
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We begin the proof as in the proof of Proposition [TOl Arguing as in that proof, we can 
show that the contribution given by I' and by Ji, I2 and are all zero. From this we deduce 
that Wjp{h) is equal to 

J ^{ 9 ) / 0^’^{h2{e)w[232A32]y{6i, ..., g))' 4 )L,p{l)dldg 

SLi{F)\SL 3 {A) Z{A)L{F)\L{A) 

where ■ ■ ■ ,Se) is dehned as in ( 15 ^ . Recall that L contains the group {a;i342(/2)}- Since 
h2{e)w[232A32]y(6i, ..., ^6)2^1342(^2) = 2 :iooo(^^ 2 )h 2 (e)'?r'[ 232432 ]i/( 5 i, ... ,6q) 
we obtain the integral J — I)l2)dl2 as inner integration. Thus only the summand with 

F\A 

e = 1 contribute to the above integral. The group SL^i^F) acts on the set y{Si,... ,Sq) via the 
symmetric square representation. As representatives for the various orbits, we may choose 
the set a:oioo(hi)2:oi2o(h2)2;oi22(h3) where /i* G {F*Y\F. We have 

r(;[232432]a:oioo(hi)2ioi2o(h2)2;oi22(/23)xiooo(^i) = 


2^1000 (hlh2/43/i)M^ry[232432]xoiOo(hl)21oi2o(h2)2^0122(/23) 


Here u' E U such that = 1 . Changing variables in U we obtain J '0((/ii/i2/i3 — 

F\A 

(3)li)dli as inner integration. Thus p.i/i2/23 = (d. In particular, all yt 7^ 0 . Given such /ij, 
the stabilizer of a;oioo(/2i)2^oi2o(/22)2^oi22(/23) inside SL^{F) is given by the orthogonal group 

proved that Wj^^ih) is equal to 


/ 

(A)\SLz{A) 







(^)x 




6'^’’^(w[232432]xoiOo(hl)2^012o(h'2)2^0122(/23)(l5 9)dg 


where 






{9) = 


ip{mg)dm 


SO^i ’'"2 ’"“s (F)\SO^i ’^2 .M3 (A) 


From this the Proposition follows. 


□ 


3 . 2 . The Commuting pair {SL2 x SL2, Sp^). Let G = SL2 x SL2. We embed this group 
inside F4 as H =< a;±(oioo)(’"); 2;±(oi2o)(^) >• The embedding of the group Sp^ inside F4 is 
given by 

Spi =< 2;±(iiio)(r);a;±(oi22)(r);a;±(i232)(r);a;±(2342)(’^) > 

It thus follows that both groups do not split under the covering of F4. 
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3 . 2 . 1 . From SL2 x SL2 to Sp^. Let tt = denote a cuspidal representation of the group 

G(A) where yp are cuspidal representations of SL2{A). Let ?(yf) denote the representation 
of S'p 4(A) generated by all automorphic functions defined by 


f{h) 


= j ^i9)0{ih,g))dg 

G(F)\G(A) 


Here 93 is a function in the space of tt. We start with 


Proposition 12. With the above notations, suppose that tTi 7^ 7?^. Then the representation 
a(^) defines a cuspidal representation of SpfiA). Suppose further that both cuspidal repre¬ 
sentations TTi, have a 'ip~^ Whittaker coefficient for some (3 E F*. That is, suppose that for 


i = l,2 


Ti 


F\A 


1 X 
1 


fi{—( 3 x)dx 


is not zero for some choice of functions ipi E Then the representation a{7i) is generic. 


Proof Let Vi = {xoi 22 (ri)xi 232 (r 2 )x 2342 (r 3 )} and V2 = {xnio(ri)xi 232 (r 2 )x 2342 (r 3 )} denote 
the two unipotent radicals of the two maximal parabolic subgroups of Sp4. We need to prove 
that for i = 1,2 the integrals 

J = J f{vh)dv 

ViiF)\Vi(A) 

are zero for all choice of data. Since both unipotent radicals contain the group Z, we can 
use Proposition [ 3 ] to deduce that / is equal to 

fi{g) 9 ^{{v,g))dvdg+ 

G(F)\G(A) ZiA)ViiF)\ViiA) 

J pig) J ^^^’^ih2{ehiv,g))dvdg 

G(F)\G(A) Z(A)Vi{F)\Vi{A) 'I^QWWp&iF) e&F* 

Denote the hrst summand by /' and the second by I". Applying Proposition [ 1 ], to prove 
that /' is zero, it is enough to prove that 

( 57 ) I[= j fi{g) 9 G{g)dg 

G(F)\G(A) 

is zero for all choice of data. Here 9 q is a vector in the representation ©g which was de- 

hned right before Proposition [ 2 l The embedding of G inside Sp^ is given by {gi,g2) •—t 

diag((7i,5^2,S'!)- Here, for z = 1,2 we have gi E SL2. Expand the above integral along the 
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abelian unipotent subgroup 



Since ©g is a minimal representation, we obtain 

(58) /( = J ^{g)e^{g)dg + j (p{g)eQ’^{g)dg 

G(F)\G{A) (Ni{F)xSL2iF)\G{A) 

In the first summand on the right hand side fl58D we notice that U{GL 2 x SL 2 )/L is an 
abelian group. The group U{GL 2 x SL 2 ) was defined at the beginning of subsection 2.6. 
Expanding along this quotient, it follows from the fact that ©g is a minimal representation, 
that 

J ^{9)0eig)dg= J ^{g)e^^^^^''^^^\g)dg 

G{F)\G(A) G{F)\G(A) 

From Proposition [6l and from the cuspidality of T, it follows that this last integral is zero. 
Next consider the second summand on the right hand side of (158|1 . In that term Ni is the 
unipotent radical of SL 2 embedded in S'pg as n 1 —)■ diag(?7,,/ 2 , n“^), and 

= J e,{ig)Mi)di 

L{F)\L{A) 

Here = '0(^) where we use the identihcation of L with the matrices X as was described 
above. We claim that the function is left invariant under iVi(A). Indeed, expanding 

along the group iVi(-^)\-Ai(A) one can show that all terms which corresponds to the non¬ 
trivial characters of the expansions, contribute zero. This follows from the fact that ©g is 
a minimal representation. Hence O^'^ig) = Og’^^lng) for all n G iVi(A). Using that in the 
second summand on the right hand side of fl58D , it follows from the cuspidality of n that it 
is zero. Hence = 0 which implies that I' = 0. 

To compute I" we first consider the space of double cosets Q{F)\Spq{F)/P{F) where P 
is the maximal parabolic subgroup of S'pg whose Levi part contains Sp^. This space has two 
representatives which we can choose to be e and tc[234]. Let Ji denote the contribution to 
J" from e, and I 2 the contribution from r(;[234]. Thus, Ji is equal to 

I ^(g) I '^d^'^i.h2{e)^{v,g))dvdg 

G(F)\G{A) Z(A)Vi{F)\Vi{A) l&S(i){F)\SpA{F) e&F* 

Here S{3) is the maximal parabolic subgroup of Sp^ whose Levi part contains the SL 2 

generated by < a;±(ooio)(^) >• To proceed, we need to consider the space of double cosets 
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S{3){F)\Sp4:{F)/G{F). This space contains two representatives which we choose to be e 
and ic[23]a:ooio(l)- The first representative contributes to Ji the term 

J j '^0^’'>’{h2{e){v,g))dvdg 

Bg(F)\G{A) Z{A)Vi(F)\VdA) 

where Bq is the Borel subgroup of G. Using Proposition 01 the function 9^’'^{h2{e){v,ng)) 
is invariant under n G A'"g'(A) where Nq is the maximal unipotent subgroup of G. Thus, we 
get zero by cuspidality. 

As for the second representative, tc[23]a;ooio(l), h contributes to A the term 


^{g) 


^ e^^'^{h2{e)w[23]xQmQ{l){v,g))dvdg 


SL^{F)\G{A) 


Z{A)Vi{F)\Vi{A) 


eS-F* 


A 
■‘2 

we obtain 


Here SL^ is the group SL2 embedded diagonally inside the group G. Using Proposition 0] 


f Lp{mg)dm as inner integration. By our assumption that tti 7^ 7r2, 

SL^{F)\SL^{A) 

this integral is zero. Thus Ji = 0. 

Next, we compute 1 2 which is equal to 

f ^(g) / EE 6'^T(/^2(e)w[234]j/(5i, 62, S3)'y{v, g))dvdg 

G(F)\G{A) Z{A)Vi(F)\Vi(A) 7eS(3)(F)\Sp4(F) <5iGF,eGF* 

where 2/(^1, ^2,^3) = a:oooi(<^1)3^0011 (<^2)2:0122(^3)- As with A we take e and tc[23]xooio(l) for 
the two representatives of S{3){F)\Sp4{F)/G{F). We denote by I21 the contribution to I2 
from the representative e, and by I22 the contribution from r(;[23]xooio(l)- We start with l22- 
Since the stabilizer is S'L^, then I22 is equal to 

j ^{g) j ^ e^’^{h2{e)w[23423]yi{6i,62,63)xooio{^){v,g))dvdg 

SL^{F)\G{A) Z{A)ViiF)\ViiA) 

where 2/i(5i, ^2, ^3) = a;ooii(^i)a;oi2i(^2)2:oi22(^3)- The unipotent element Xi232{r) is in U for 
i = 1, 2. We have 

h2(e)M;[23423]|/i((5i, 62 , S3)xooio{l)xi232{r) = Xiooo{er)u'h2ie)w[234:23]yi{6i, 62 , 53 ) 3 ^ 0010 ( 1 ) 

Here m' G U is such that 'ipu{u') = 1- Using the left invariant properties of obtain 

j 'ip{er)dr, which is clearly zero. Thus I22 = 0. 

F\A 

Finally, we need to consider /21, which is equal to 

j ^{g) J ^ e^’'^{h 2 ie)w[ 23 A]y{ 6 i, 62 , 63 ){v,g))dvdg 

Bg{F)\G{A) Z(A)ViiF)\ViiA) '^*GF,6GF* 

where y{Si, 62 ,S 3 ) and Bq were defined above. We consider separately the cases for Vi and 
U2. 
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Starting with Vi, we notice that 0:0122 (?") is a unipotent element in Vi. In the above integral, 
for i = 1, we collapse summation and integration to obtain 

[ ^( 9 ) f ^ e^^'^{h2{e)w[23A]y{6i,62,r){l,g))drdg 

Bg(F)\G{A) a 

By commutation relations, change of variables, and using Proposition 01 we obtain 

f ^ e^'^{h2{e)w[23A]y{6i,62,r){l,xoiooil)9))dr = 

f e^^'^{h2{e)w[23A]y{6i,62,r){l,g))dr 

for all / G A. Thus we get zero by the cuspidality of n. 

Next we consider the integral I 21 when V = V 2 . This time, the unipotent element a:iiio(r) 
is inside V 2 . We have 


h2(e)w[234]i/(5i, ^ 2 , 53 ) 2:1110 (’^) = a:iooo(G5i52’^)M'h2(e)M;[234]i/(5i, 62 , S 3 ) 


where u' G U such that 'ipuW) = 1. Thus we obtain J 'ijj{e ^Si 62 r)dr as inner integration. 

F\A 

Hence 5i52 = 0. From this we deduce that I 21 is equal to 


^{ 9 ) 




Bg(F)\G{A) 


6^''^{h2{e)w[23A]y{5i, S 2 , 53)(1, g))drdg 

5i6F,(5i(52=0,eeF* 

If 5i = 0, then for all r G A, using Proposition 01 

6»^’’^(h2(e)w:[234]i/(0, S 2 , 53)(1, 2 : 0120 (’^)5')) = 6»^’’^(h2(e)w:[234]i/(0, S 2 , 53)(1, 9 )) 
and if ^2 = 0, then for all r G A, using again Proposition 01 

6'^’^(h2(e)w[234]i/(5i, 0 , 53)(1, xoioo(’^)5')) = 6'^’^(h2(e)w[234]i/(5i, 0 , 53)(1, g)) 


Since {a:oioo(^)} and { 0 : 0120 (^)} are the two maximal unipotent radicals of the group G, it 
follows that J 21 = 0 by the cuspidality of T. This completes the cuspidality part of the 
Proposition. 

To prove that the image of the lift is generic, we need to compute the integral 

Wy{h)= j f{xuio{ri)xoi22{r2)xi232{r3)x2342{r4)h)'ijj{ri + f3r2)dri 
(F\A)4 

Here /3 G {F*)‘^\F*. Denoting the maximal unipotent of Sp^ by V, and the above character 
by V’u,/3) we have to prove that the integral 

Wy{h)= j j p{g)e{{v,g))il)vMdvdg 

G(F)\G{A) V{F)\V{A) 
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is not zero for some choice of data. Performing the same expansions as in the proof of the 
cuspidality part, we obtain that all integrals except the one that corresponds to I 21 vanish. 
In other words, is equal to 

j ^{ 9 ) j e^’'^{h2{e)w[2M]y{5i,52,53){v,g))i)v,p{v)dvdg 

Bg{F)\G(A) Z{A)V{F)\V{A) 

As in the computation of hi for the unipotent radical Vi, we collapse summation with 
integration. As in the computation of hi for the unipotent radical V 2 , we conjugate Xiiio(ri) 
from right to left and we obtain that e~^SiS 2 = 1 . Thus, Wyih) is equal to 

/ ^^ 9 ) f ^^’^{h2{hw[23A]y{6i,e6Y\r){l,g))ilj{/3r)drdg 

BGiF)\G{A) A '5i,e6F* 

The maximal torus of G is given by Tq = {h{l, a, b,l) '■ (i,b ^ 0}. We have the identity 
h2(e)r(;[234]xoooi(<^)3^ooii(^<^ ^)h(l,e ^,5 1 ) = h 2 (e)h(l, e ^,e ^,5 ^)r(;[234]a;oooi(l)2^ooii(l) 


Using this identity, we can collapse summation and integration. Hence the above integral is 
equal to 

j ^{ 9 ) j ^^’’^(w^[234]?/(l,l,r)(l,c/))^/>(/3r)drd^ 

No{F)\G{A) A 

where Nq is the maximal unipotent subgroup of G. In other words Nq = {a:oioo(^"i) 3 ^oi 2 o(’" 2 )}- 
Factoring the integration over No we obtain the identity 

Wpih) = J W^,p{g) j e^^'f{w[2U]y{lXr){Gg))iP{Pr)drdg 

Ng(A)\G{A) a 


Here 


F\A 


1 X 
1 


gi)'il){-/3x)dx / ip 2 

F\A 


9i)i^{-f3y)dy 


where (p = <pi (g) (^2 and 9 = { 9 i, 92)- 

From this it is clear that if the lift is non-zero then W^^y{g) is not zero. Using a similar 
argument as in [G^ . it follows that the converse is also true. Namely, if W^^y{g) is not 
zero then the lift to Sp^ is not zero. □ 


3.2.2. Prom Sp^ to SL 2 x SL 2 . To study this lifting, we consider a different embedding of 
the two groups. We embed the group 5^4 as the Levi part of the corresponding parabolic 
subgroup of F 4 . In other words Sp^ =< a^±(oioo)(^)) 3;±(ooio)(^) >• The group G = SL 2 x SL 2 
is generated by < x±(oi 22 )(r); a;±( 2342 )(r) >. 
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Let TT denote a cuspidal representation of S'p 4 (A). We shall denote by cT( 7 r) the automor- 
phic representation of G(A) generated by all functions of the form 

f{g)= j ip{h)e{{g,h))dh 

Spa{F)\Spa(A.) 

Here ^ is a vector in the space of We start with 

Proposition 13. The representation a{ f) defines a cuspidal representation ofG{A). 


Proof. Since the two unipotent radicals which correspond to the two maximal parabolic 
subgroups of G, are conjugated one to the other inside F 4 , it is enough to prove that the 
integral 

J J (p{h)e{{x 2342 {r),h))drdh 

Sp4{F)\Spi{A) F\A 

is zero for all choice of data. From Proposition [3l this integral is equal to 

I me^((l,h))dh+ j W) Y. ^»‘'’*(ft2(£)(l.A))rfA 

Spi{F)\SpA{A) Spi{F)\Spi{A) 'reQ{F)\Spe{F) eeF* 

Denote the hrst summand by Ji, and the second by I'. From Proposition [T], it follows that 
the hrst summand is zero. Indeed, it is zero if the integral 

j tp{h)eG{h)dh 

Sp4F)\Sp4(A) 

is zero for all choice of data. To prove that we expand along Z{F)\Z{A) where Z was 
dehned right before Proposition [HI Thus, the above integral is equal to 

(59) J tp{h)ei{h)dh+ J {h)dh 

Sp4F)\Sp4{A) ^^'^*Sp4(F)\Sp4(A) 


In the hrst term, we use the fact that U{GLi x SpffjZ is an abelian subgroup. See beginning 
of subsection 2.6 for notations. From the fact that ©g is a minimal representation, we deduce 
that 

J ip{h)e^ {h)dh = J 

Sp4{F)\Sp4{A) Sp4{F)\Sp4{A) 

Arguing in a similar way as in integral (j58ll we deduce that the above integral is zero for all 
choice of data. The notations of the second summand of fl59|) are as in Proposition [HI and it 
follows from that Proposition that each term in the second summand of f[59|l is zero. Indeed, 
from Proposition [H] it follows that each term is equal to 

Sp4{F)\Sp4{A) 
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By cuspidality, this integral is zero. Thus Ji = 0. 

Next consider the integral I'. Let P denote the maximal parabolic subgroup of Sp^ whose 
Levi part contains Sp^. The space Q{F)\Spq{F)/P{F) contains two elements which we can 
choose to be e and tc[234]. The contribution to I' from the identity element is 

j !p(h)Y,e"*(h2(e)(\,h))dh 

S(3)(F)\Sp4(A) 

where S{3) is the maximal parabolic subgroup of Sp^ whose Levi part contains the group 
generated by < x±(ooio)(’") >• Denote the unipotent radical of 5(3) by iV(3). Then it follows 
from Proposition 0] that the integral J ip{nh)dn is an inner integration to the 

N{3){F)\N{3){A) 

above integral. By the cuspidality of vr this integral is zero. 

The second representative contributes to F the integral 


p{h) 


0^’^{h2{e)w[23F\y{6^, 5^, 53)(1, h))dh 


5(3)(F)\5p4(A) 

where j/(5i, 52, = xoooi(5i)a;ooii( 52 ) 3 : 0122 ( 53 ). If 5i = 52 = 0 then as in the previous 

representative, we factor the subgroup iV(3) to get zero contribution. Otherwise, the group 
SL 2 {F) which is generated by < 3:±(ooio)(’") > acts on the set {a;oooi( 5 i)a;ooii( 52 ) : ( 5 i, 52 ) 7 ^ 
(0, 0)} with one orbit. Thus the above integral is equal to 


fW ^ 9^’^{h2{e)w[234\y{0,l,63){l,h))dh 

T{F)N{F)\Sp4{A) <536F,eGF* 

where N is the maximal unipotent subgroup of Sp^ and T is a one dimensional torus. Let 
5(2) denote the maximal parabolic subgroup of 5p4 whose Levi part is GLi x SL 2 . Let N{2) 
denote it’s unipotent radical. Thus A^(2) = {xoioo(’"i)3:oiio(’"2)3:oi2o(o)}- Using commutation 
relations, it follows from Proposition 0] that the function 



h H- 6'D^(h2(e)M;[234]i/(0,1, 53)(1, h)) 


is left invariant under A^(2)(A). Thus we get zero by the cuspidality of vr. Hence /' = 0 and 
the lift is cuspidal. □ 


Next we consider the question of the nonvanishing of the lift. To do that we need to hnd 
conditions so that the integral 

Wjp{g)= j J ^{h)e{{xol22{rl)x2342{r2)9,h))^|J{^3rl + r2)dridh 

Sp4f)\Sp4{a) (f\a)2 

will not be zero for some choice of data. Here (3 & F*. 

For 6 E F*, let 50| denote the stabilizer insider SO 5 of a vector of length 5. We have 
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Proposition 14 . The representation cr{7r) is nonzero if and only there exists ft ^ F* such 
that the integral 

(60) j 

SOf{F)\SOf{A) 

is not zero for some choice of data. 

Proof. We compute Wji^{g). Using Proposition [5l the integral Wj^{g) is not zero for some 
choice of data, if and only if the integral 

j J (p{h)9'^ff|’^{w3{xol22{rl)h))^f{(3rl)drldh 

Sp4(F)\Sp4(A) F\A 

is not zero for some choice of data. The group we integrate over is a subgroup of SL2 x Sp^ 
embedded inside Spe in the obvious way. Thus, from the restriction of zu^ to this subgroup 
it follows from the well known factorization of the theta function, that the above integral is 
equal to 

Sp4{F)\Sp4{A) F\A 

Here zu 2 {g) is the degree hve representation of Sp^. Also, by {zu 2 {g),x{r 2 )) we mean the 
embedding of these groups inside the commuting pair SO5 x SL2 inside SpiQ. Unfolding the 
theta function of Spio, we obtain only one orbit, corresponding to vectors of length ft. The 
stabilizer is the group we denoted by SO^. Thus, Wji^{g) is equal to 

j mO*sph)Umh)dh 

Sol{F)\Sp4{A) 

where l{fi) is a vector in whose length is ft. Factoring the measures, integral (1601) appears 
as an inner integration. From this the Proposition follows. □ 

3.3. The Commuting Pair {SL2, SL4fj. In this subsection we will study the lifting from 
automorphic representations dehned on SL2{A) to automorphic representations dehned on 
S'L 4 (A), and its inverse map. We start with: 

3.3.1. Ftom GL2 to S'L 4 . We consider the following embedding of {SL2,SL4f) inside the 
group F 4 . The group SL 2 is generated by < x±(oooi)(^) >• The group SL 4 is the group 
generated by 

< ^±(1000) ); ^±(0100) ; a;±(i242) ; a:±(iioo) ); a^±(i342) ); ^^±( 2342 ) ) > 

Since SL2 is generated by unipotent elements which correspond to short roots, this copy 
splits under the double cover of F4. 
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Let TT denote an irreducible cuspidal representation of GL 2 (A). We shall denote by a{ 7 i) 
the automorphic representation of SL 4 spanned by all automorphic functions 

f{h)= j ^{g) 0 {{h,g))dg 

SL2{F)\SL2{A) 

Here h G S'L 4 (A). We shall denote by L{ 7 i,s) the standard L function associated with vr. 
We prove 

Proposition 15 . Suppose that vr is an irreducible cuspidal representation of GL 2 {A) such 
that L{ 7 i, 1/2) = 0. Then, a(7r) defines a nonzero cuspidal representation of SLfiA). 

Proof. We start with the cuspidality condition. The group S'L 4 has three maximal para¬ 
bolic subgroups. Their unipotent radicals are given by Vi = {x\ 242 {ti)x\^ 42 {T 2 )x 2 za 2 {j'z)}, 
V2 = {xoioo(ri)xnoo(r 2 )xi 342 (r 3 )x 2342 (r 4 )} and V3 = {a;iooo(n)a:iioo(?^ 2 )a: 2342 (r 3 )}. The Weyl 
element tc[3243423] conjugates V 3 to Vi and hxes the group SL 2 generated by < a;±(oooi)(’") >• 
Hence it is enough to prove that for i = 1, 2, the integral 

(61) j j ip{g)e{{v,g))dvdg 

SL2iF)\SL2(A) Vi{F)\Vi{A) 

is zero for all choice of data. Both unipotent subgroups Vj contains the group Z = { 2:2342 (?")}• 
Hence, using Proposition [3], integral fl 6 Tl) is equal to the sum 

T{ 9 ) 0 ^{{v,g))dvdg+ 

SL2(F)\SL2(A) Z{A)ViiF)\ViiA) 

J pig) J ^^^’^ih 2 iehiv,g))dvdg 

SL2{F)\SL2{A) ZiA)Vi{F)\Vi{A) "/^QTPSpeiF) <:eF* 

Denote the hrst integral by I' and the second one by I”. From Proposition [T], it follows that 
the integral 

J p{g) 06 id{g))dg 

SL2(F)\SL2{A) 

is an inner integration to integral I'. Here, for all g G S'L 2 (A), we set d{g) = diag{g, I 2 , g*), 

and 6 q is a vector in the space of the representation ©g, which was dehned right before 

Proposition [2l To prove this integral is zero we proceed exactly as in the proof that integral 

fl571) is zero for all choice of data. Indeed, as can be seen the proof of that integral only uses 

one copy of SL 2 , the one which we embedded here as {d{g) : g G SL 2 }. Hence I' = 0. 

Next we compute I". As in the proof of Proposition [TOl for 1 < j < 4, we denote by Ij 

the contribution to J" from each of the double coset representatives of Q{F)\Spq{F)/Q{F), 
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which we choose as e, ic[2], w[232] and w[232432], The integral Ji is equal to 

[ [ ^{9)'^S^’^{h2{e){v,g))dvdg 


eSF* 


SL2{F)\SL2{A) Z{A)Vi{F)\Vi{A) 

Using Proposition m we obtain J ip{g)dg as inner integration. Thus Ji = 0. Next, 

SL2{F)\SL2iA) 

J 4 is equal to 


^{ 9 ) e^’'‘'{h2{e)w[232432]m{6i){v,g))dvdg 


SL2{F)\SL2{A) Z{A)ViiF)\ViiA) 


SiGFeeF* 


Here 


m[ 5 i) — Xoioo (<^1)2^0110 (<^2)3^0111 (<53)3^0120 (<54)2:0121 (( 55 )xo 122 ( 56 ) 

Notice that U contains the one dimensional unipotent subgroup 2:1342 (r). From the identity 
ic[232432]m(5j)2:i342(r) = 2 : 1000 (?")'«:[232432]m(5j), we obtain J 'ip{er)dr as inner integra- 

F\A 

tion. Thus /4 = 0. 

Integral I 2 is equal to 

f M / EE 6 ^’'^{h2{e)w[2]xoioo{d)'y{v,g))dvdg 

SL2(F)\SL2{A) Z{A)Vi{F)\Vi{A) 'y&S(i){F)\SLi(F) 6&F,t&F* 

Here S'(4) is the maximal parabolic subgroup of SL^ which contains the group < 2 :±oooi(’") >• 
The space S'( 4 )(F)\S'L 3 (F)/S'( 4 )(F) contains two representatives, which we can choose as 
e and tc[3]. The first representative contributes zero to l 2 - Indeed, it is equal to 

j ^{9) J ^ 6 ^''^{h 2 ie)w[ 2 ]xoioo{ 6 ){v,g))dvdg 

SL2{F)\SL2{A) Z{A)Vi{F)\Vi{A) ^^F,eGF* 

It follows from Proposition 01 that for all g G SL 2 {A) we have 6 *^’'^(h 2 (e)tc[ 2 ] 2 :oioo(< 5 )(t:, g)) = 
6 *^’’^(/i 2 (e)ic[ 2 ]xoioo(^)('i:, !))• Hence, we obtain the integral J (p{g)dg as inner in- 

SL2{F)\SL2{A) 

tegration. Thus, I 2 is equal to 

j ¥’{ 9 ) j 0^''f'{h2{e)w[23]xooio{6i)xoi2o{d2){v,g))dvdg 

B2{f)\sl2(a) z(A)ViiF)\Vi(A) 

where B 2 is the Borel subgroup of SL 2 . From commutation relations in F 4 , and using 
Proposition 01 we deduce that the function 


g H- 6 '^’^(h 2 (e)w[ 23 ] 2 :ooio(< 5 i) 2 :oi 2 o(< 52 )(v, 5 ')) 


1 X 


)dx 


is left invariant under xoooi(^) for all r G A. Thus we obtain the integral J (p(j 

F\A 

as inner integration. From the cuspidality of vr it follows that this last integral, and hence 
12 , is zero. 
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Finally, we consider It is equal to 

f (fig) j ^ 0^''^{h2{e)w[2^2]yi{5i,52,5-i)'y{v,g))dvdg 

SL2{F)\SL2{A) Z(A)Vi{F)\Vi{A) 

where r/i(hi, ^2, ^s) = 2:0100(^1)3^0110(<^2)2:0120(^3)• Also, S'( 3 ) is the maximal parabolic sub¬ 
group of S'Ls which contains the group < x±ooio(?") >• The space S{?>){F)\SL^{F)/S{ 4 ^){F) 
contains two elements which we choose as e and ta[ 43 ]. The contribution to Is from e is 
equal to 

j ^{ 9 ) j ^ e’^’'^{h2{e)w[232]xoioo{Si)xouo{S2)xoi2o{S3){v,g))dvdg 

B2{F)\SL2{A) Z{A)Vi{F)\Vi{A) 

As above, it follows from Proposition H] that the function 

g H- e^''^{h2{e)w[232]yi{5i,52,53){v,g)) 

is left invariant by 2:oooi(^) for all r G A. Hence we get zero contribution from this term. 
Thus Is is equal to 

( 62 ) j (p{g) J ^ e’^'^{h 2 ie)w[ 232 A 3 ]y{ 6 i,..., 55 ){v,g))dvdg 

sl2{f)\sl2{a) z{a)v,(f)\v,{a) 

Here 

y{ 5 i, ..., ^5) = a:oi2o(<^i)2:oi2i(<^2)2:0122(^3)2:0010(^4)2:0011(^5) 

Suppose hrst that i = 1. Then Xi242(2’) G Vi. We have 

h2(e)w[23243]i/((5 i,..., 55)a:i242(r) = a:iooo(e“fo)h2(e)M:[23243]i/(5i, ...,55) 

Changing variables in U, we obtain J 'il){e~^r)dr as inner integration. Hence I3 is zero in 

F\A 

this case. 

Next suppose that i = 2. The group SL2{F) generated by < 2:±(oooi)(/2) >1 acts on the 
group {2/(0, 0, 0, ^4, hs) : 6i E F} with two orbits. 

Consider first the trivial orbit. We denote the contribution to J3 from this term by -^31- 
Then we consider the action of the above SL2{F) on the group {i/((5i, ^2, (^s, 0, 0) : 5* G F}. 
The action is given by the symmetric square representation. There are inhnite number of 
orbits. First, using the cuspidality of tt, the trivial orbit and the orbits which correspond to a 
nonzero vector with zero length, all contribute zero to the integral -^31- Indeed, for the trivial 
orbit we obtain J ip{g)dg as inner integration, and for the orbit which corresponds 

SL2{F)\SL2{A) 

to nonzero vectors with zero length, we obtain J ip{ng)dn as inner integration. Here 

N2{F)\N2{A) 

N2 is the maximal unipotent subgroup of SL2. Clearly both integrals are zero. 
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Thus we are left with the orbits which correspond to a vector of nonzero length. There 
are inhnite number of such vectors, and the stabilizer inside SL2{F) of any such orbit, is 
an orthogonal group 02{F). Factoring the measure, and using Proposition 0 ] we obtain 
J ip{mg)dm as inner integration. The type of the orthogonal group, depends on the 

02(F)\02(A) 

representative of the orbit. From it follows that the vanishing of L{7t, 1 / 2 ) is equivalent 
to the vanishing of all the above integrals over 02- Thus /31 = 0 , and Is is equal to 

j ‘-pig) j 9 ^’'>’ih 2 ie)w[ 23243 ]yi 6 i, 62 ,S 3 , 0 ,l)iv,g))dvdg 

N2(F)\SL2{A) Z{A)V2{F)\V2{A) 

where N2 is the maximal unipotent subgroup of SL2. The unipotent elements a:oioo(’"i) and 
2:1100(^"2) are inside V2. Using commutation relations we have, 

h2(e)tc[23243]i/((5i, 82 , 83 , 0 , l)xiioo(r 2 ) = uua;iooo(e“^^U2)/i2(e)w[23243]i/(5i, ^ 2 , ^ 3 , 0 , 1 ) 

where v is an element in the stabilizer of ifju and u E U such that ipui'it-) = 1 - Thus, changing 
variables in U, we obtain J 'ip{e~^8ir2)dr2 as inner integration. Hence, we may assume that 

F\A 

= 0 . Next, using commutation relations we obtain 

h 2 (e)tc[ 23243 ]?/( 0 , 82, 83 , 0 , l)xoioo(n) = vuh 2 ie)w[ 23243 ]y{ 0 , 82, 83 + ri, 0 , 1 ) 
where u and v are as above. Collapsing summation with integration, I 3 is equal to 

( 63 ) J (fig) j ^ 9^’'l'ih2ie)w[23243]yi0,82,ri,0,l)il,g))dridg 

N2(F)\SL2{A) a ^ 2 eF,eGF* 

Using Proposition 01 the function 

g^f ^ 6'^’’^(h2(e)u;[23243]i/(0,(52,ri,0, l)(l,5())(iri 

2 SieF,e£F* 

is left invariant under 2:0001 (^) for all r G A. Thus, Jo = 0 by the cuspidality of vr. Hence 
integral fl6T|) is zero for all unipotent radicals Uj. This completes the proof of the cuspidality 
of the lift. 

To prove the nonvanishing of the lift, we shall compute the Whittaker function of /, where 
/ is in the space of a(7r). Let (8 G (F*)^\F*. For h G S'L4(A), denote by Wjpih) the integral 

/(2:iooo(ri)2:oioo(r2)2:i242(r3)2:iioo(r4)2:i342(r5)2:2342(r6)h)i/>(/?ri + r2 + r3)dri 

(F\A)^ 

We shall denote this unipotent group by V and the above character by Thus, hFj^(h) 
is equal to 

(f(g) 9 ((vh, g))'ilJvAv)dvdg 

SL2{F)\SL2{A) V{F)\V{A) 
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Following the same steps as we did in the proof of the cuspidality of cT(7r), we obtain that 
all integrals, except (E3), contribute zero to Wj^{h). Thus Wj^{h) is equal to 

J ^{g) j X] e^'^{h2{e)w[2?,2A^]y{5i,... ,5^){vh,g))'4)v,ii{v)dvdg 

SL2{F)\SL2{A) Z{A)V{F)\V{A) 

Using the commutation relations as after ([62]), and arguing as in integral (l63|) . we deduce 
that e = 1. Continuing further as in the proof of the cuspidality, Wj^ih) is equal to 

f V^ig) f j ^ 6'^’^(w;[23243]|/(0,(52,r2,0, l)(a;iooo(c),5'))V’(/?’^i +’^2)dridr2d5f 

N2(F)\SL2(A) a f\a 

Next we conjugate the unipotent element xiooo(^"i) to the left. We have 


r(;[23243]|/(0, 82 , r 2 , 0, l)xiooo(n) = a:iooo(^2n)M'w[23243]|/(0, 82 , r 2 , 0,1) 


Here u' E U \s such that 'ijjuiu') = 1. Thus, we obtain the integral / V ’(('^2 — I 8 )r\)dri as 

F\A 

inner integration. From this we deduce that 82 = { 8 . Hence, IFj^(h) is equal to 

j Ag) j 0^'^{w[232A3]y{0, (8,r2,0,l){h g))i^{r2)dr2dg 

N2iF)\SL2iA) A 

Using commutation relations and a change of variables, we obtain 

J e^'^{w[232A3]y{0,/3,r2,0,l){l,Xoooi{r)g))i^{r2)dr2 = 

A 


ilj{(8r) / 6'^’t'(y;[23243]|/(0,/?,r2,0,1)(l,5())'0(r2)dr2 


From this we obtain the identity 


Wj/h) = 


W^,y{g) / 6'^’’^(w[23243]?/(0,/3,r2,0,1)(l,5())'0(r2)dr2d5f 


N2{A)\SL2{A) 


where W^,y{g) = f ^p( 

F\A 


1 r 


^ I g)'ipi/3r)dr. Using similar arguments as in |Ga-Sj we deduce 

that Wj'i^{h) is nonzero for some choice of data if and only if Wip^i 3 {g) is nonzero for some 
choice of data. Since there is always a. (8 E F* such that W^p^y{g) is not zero, the nonvanishing 
of the lift follows. □ 


3.3.2. Prom SL 4 to SL 2 . To study this lift we consider a different embedding of the two 
groups. Viewing SL 4 as SpiuQ, we embed it inside the Levi part of the maximal parabolic 
subgroup of F 4 whose Levi part contains Spinj. Thus, the group S'L 4 is generated by 

< 3:^±(1000) ); 3^±(0100) ); ^^±(1100) ; 2:±(o120) ); ^^±(1120) ); 3^±(1220) ) > 
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The group SL 2 is generated by < x±{i 2 ^ 2 )ij) >• If we conjugate these groups by the Weyl 
element w [3213234] we obtain the embedding we used in the previous subsection. 

Let T denote an irreducible cuspidal representation dehned on SL^^i^A). We shall denote 
by (T(if) the automorphic representation of SL 2 {A) spanned by all functions 

f{g)= j ^{h)e{{h,g))dh 

SLi(F)\SLA{A) 

Here ^ is a vector in the space of T. We start with 

Proposition 16. The representation cr{n) is nonzero if and only if the integral 

(64) J ip{m)9g'p^{m)dm 

SP4{F)\SP4(A) 

is nonzero for some choice of data. Here 9^'^^ is the theta function defined on SpfiA). 
Proof. Clearly, (jifit) is nonzero if and only if the integral 

Wf{g)= j j fi{h)9{{h,xi2^2{r)g))fi{l3r)drdh 

SL4(F)\SL4{A) f\a 

is nonzero for some choice of data. Let Ui denote the abelian unipotent group generated by 
all elements of the form 

Ml(ri, ...,re)= X0122(ri)xn22(r2)xi222(r3)xi242(r4)xi342(r5)x2342(r6) 

and let U 2 =< L^i, 2 : 1232 (?’) >• We expand 9 along the group Ui{F)\Ui{A). The group 
SL 4 {F) = Spin^^F) acts on this expansion with three type of orbits. The hrst two orbits are 
the ones which corresponds to the trivial orbit, and to the orbit corresponding to no n zero 
vectors with zero length. Plugging these two Fourier coefficients in Wf{g) we obtain the 
integrals 

6'(ui(ri, ... ,rQ)xi2‘i2{r))fi{eri + ( 3 r)drdri 

UiiF)\Ui{A) F\A 

as inner integrations. Here e = 0 when the orbit is the trivial one, and e = 1 corresponds 
to the other orbit. In both cases, the above Fourier coefficient corresponds to the unipotent 
orbit Ai which is greater than the minimal orbit. Hence, by Theorem [U these Fourier 
coefficients are zero. 

The third type of orbits corresponds to vectors of nonzero length. These contributes the 
Fourier coefficient 

j 9{ui{r4, ..., rQ)xi232{r))fi{r3 + 7r4 + r)drdri 




(7i(F)\;7i(A) F\A 
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where 7 G F*. Notice that the stabilizer of this character inside Spine = SL 4 is Spin^ = Sp/^. 
We can identify the gronp f/ 2 (A) with A^. With this identihcation we can write the above 
integral as 

J 9{u2)lp{5 ■ U2)dU2 

U2{F)\U2{A) 

Here we identify U 2 with a colnmn vector and 6 = (0, 0,1,1, 7 , 0, 0). With this identihcation 
h • M 2 is the nsnal dot prodnct. If 7 is snch that S has a nonzero length, then this Fonrier 
coefficient corresponds to the nnipotent orbit Hi, and as above, it is zero. There is one 
choice of 7 snch that the length of 6 is zero. Conjngating by a snitable discrete element, this 
Fonrier coefficient is eqnal to 

j 9{u2w[l23]Xooio{l))'lpU2{u2)dU2 

U2iF)\U2{A) 

where is dehned as follows. For U 2 = Xoi 22 {r)u 2 dehne 'ipu 2 i'^ 2 ) = See snbsection 

2.1 for notations. From this we obtain that Wf{g) is eqnal to 

ip{h)9{u2w[123]xooio{l){h, l))^jJu2{u2)du2 

Sp4{F)\SLi{A) U2iF)\U2{A) 

Using Proposition [3] this integral is eqnal to 

p{h)9^{u2p{h, I))il)u^{u2)du2dh+ 

Spi{F)\SLi{A) Z{A)U2(F)\U2{A) 




I ^{ 9 ) / EE 9^''^{h2{€)'yu2p{h, l))^jJu2{u2)du2dh 

Sp4iF)\SUiA) Z{A)U2{F)\U2{A) 'r^Q(F)\Spfi{F) e&F* 

where we denote p = tc[123]xooio(l)- Denote the hrst integral by /' and the second one by 
I". We start with I". Let P denote the maximal parabolic snbgronp of Spe whose Levi part 
contains Sp^. The space Q{F)\Spe{F)/P{F) has two representatives which we can choose 
as e and tc[234]. The hrst representative contribntes 

j ^{g) j '^9^’^{h2{e)u2p{h,l))'ipu^{u2)du2dg 

S(3)(F)\SL4(A) Z{A)U2{F)\U2{A) 

to the integral. Here 5(3) is the parabolic snbgronp of Sp 4 whose Levi part is GL 2 . Changing 
variables in U and nsing Proposition 01 we obtain that 

9^’^{h2ie)u2pih, 1)) = 9^'^{h2ie)pih, 1)) 
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'^U 2 i.'^ 2 )du 2 as inner integration. Thus the 


for all U 2 G 172(A). Thus we obtain J 

Z(A.)U2{F)\U2{A.) 

contribution to I” from this term is zero. The second representative contributes the integral 

j ^{g) j ^ d^''^{h2{e)w[2M]y{5i,52,5‘i)u2g.{h,l))'4)u2{u2)du2dg 

5(3)(F)\5L4(A) Z{A)U2{F)\U2{A) 

where 2 /(^ 1 , 52 ,^ 3 ) = 2 : 0001 (^ 1 ) 2:0011 (^2)2:oi22(^3)- We have h2(e)w[234]i/(5i, ^ 2 , <53)2:ii22(?^) = 
Xiooo(^~^^)^2(e)2a[234]i/(5i, (52, ^s). Hence we get / %lj[e~^r)dr as inner integration. This 

F\A 

integral is zero and hence /" = 0. Thus Wf{g) is equal to Factoring the measure, we 
obtain 

Lp{mh)9^{u2y{mh, I))il)jj^{u2)du2dmdh 

Spa{A)\SL 4{A) Sp4{F)\Sp4{A) Z{A)U2{F)\U2(A) 

Arguing as in |Ga-Sj we deduce that the lift is nonzero for some choice of data if and only 
if the integral 

(p{m)9^{xoi 22 ir)g,{m, l))ijj{r)drdm 

Sp4{F)\Sp4{A) F\A 

is nonzero for some choice of data. The group /iS'p 4 /i“^ =< 2:±(oioo) ( 2 "); 2:±(ooio)(^) >• Hence, 
from Proposition [1] it follows that the lift is nonzero for some choice of data if and only if 
the integral 

i^{m)9Q{xQi22{'>^)'Fi)'ip{r)drdm 

Sp4(F)\Sp4{A) F\A 

is not zero for some choice of data. It follows from Proposition [H] that the above integral is 
not zero for some choice of data, if and only if integral fIMl) is not zero for some choice of 
data. This completes the proof of the Proposition. □ 

Next we address the question of cuspidality of the lift. We prove 
Proposition 17. The representation cr{n) is a cuspidal representation of SL 2 {A). 





Proof. We need to show that the integral 


(65) J J ip{h)9{{h,Xi2Z2ir)g))drdh 

SL4{F)\SL4{A) f\a 

is zero for all choice of data. We expand the theta function along the group Ui which was 
dehned in the proof of Proposition [161 Combining this with the integration over the group 
{2:1232 (^")}, integral fl65ll is equal to 


ip{h)9^^{u2{h, l))du 2 dh + 


(p{h)9{u2{h, I))'ipu^{u2)du2dh 


SL4{F)\SL4(A) 


S{F)\SL4(A) U2{F)\U2{A) 
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Here S is the subgroup of SL 4 defined by 

S =< x±^oioo){r)-, x±^ouo){r); x^iooo){r); X(^noo){r); X(^n 20 )ir); X(^u 20 ){r) > 

and "0(72 was defined in the proof of Proposition [ini Denote by I' the hrst summand and by 
/" the second one. We start with Using Proposition |3] it is equal to 

ip{h)6^{u2{h, l))^jJu2{u2)du2dh+ 

S{F)\SL4(A) Z{A)U2{F)\U2{A) 

I M / E Z 9^’’^{h2{e)'^U2{h, I))il)u2{'^2)du2dh 

S(F)\SL4{A) Z{A)U2(F)\U2{A) T'GQ(i^)\S'p6(^) eG-P’* 

Arguing in a similar way as in the computation of /" in the proof of Proposition Uni we 
deduce that the second summand in the above integral is zero. Indeed, using Proposition 0] 
we obtain the integral 

/ *('■ 9 >“ 

Mat 2 x 2 {F)\Mat 2 x 2 {A) 

as inner integration to the hrst summand. This is zero by the cuspidality of T. 

Let U{B^) = Ua 4 ,a 2 ,a 3 - Then U 2 is a subgroup of U{B^). The quotient U{B^)/U 2 is an 
eight dimensional abelian group and SL 4 acts on it as twice the standard representation. The 
quotient U{B^)/U 2 is generated by all unipotent groups such that a = niai+a^. 

To compute I' we further expend it along the group U{B‘i)/U 2 with points in F\A. By 
the minimality of 0 only the constant term contributes. Indeed, the nontrivial Fourier 
coefficients will contain, as inner integration, a Fourier coefficient which corresponds to the 
unipotent orbit Ai. This follows from the fact that the length of all the above roots a is 
short. Thus 

/'= J ^{h)e^^^^\{hA))dh 

SL4,{F)\SL4,(A) 

To show that this last integral is zero, let E{h,s) denote the Eisenstein series of S'L 4 (A) 
which is associated with the induced representation 6 ^^. Here i? is a maximal 

parabolic subgroup of SL 4 whose Levi part is GL^. Thus, to prove that /' is zero, it is 
enough to show that for Re{s) large, the integral 

^{h)e^^^^\h)E{h,s)dh 

SL4{F)\SL4,{A) 

is zero for all choice of data. Unfolding the Eisenstein series, and using from |PS1] . the well 
known Whittaker expansion of ^ we obtain the integral 

6 ^^^^\vh)ipv{v)dv 

ViF)\V(A) 
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as inner integration. Here V is the maximal unipotent subgroup of Spine = SL 4 and V’y is 
the Whittaker coefficient of V. The Fourier coefficient given by the above integration over 
H is a Fourier coefficient which is associated to a unipotent orbit of Spiuj which is greater 
than the minimal orbit. Hence, it follows from Proposition [1] that this integral is zero. This 
implies that I' is zero. This completes the proof of the cuspidality of the lift. □ 


3.4. The Commuting Pair {SOs,G 2 )- In this subsection we will consider the lift of au- 
tomorphic representations from the group SO^IA) to automorphic representations of the 
exceptional G 2 (A). We hrst consider 


3.4.1. From S03{A) to G 2 (A). To study this lift, we consider the following embedding 
of the two groups. The group SO 3 is generated by {a:ooio(?")3^oooi(—''")3^ooii(—and by 
{a:_(ooio)(’")^-(oooi)(“'^)3^-(ooii)(“''"^)}- la other words, we embed SO 3 inside the group SL^ 
generated by < a;±(ooio)(’");2:±(oooi)(^) >• With this choice, the group V, the maximal 
unipotent subgroup of G 2 , is generated by 


V =< xiooo(r); Xoi2o(r)xoiii(r); Xnii(r)xn2o(r); Xi 23 i(r)xi 222 (r); Xi 342 (r); X 2342 (r) > 


The group G2 is generated by V and by the group generated by all unipotent elements which 
corresponds to the negative roots of the above six unipotent elements. With this choice of 
embedding, the group SO3 splits under the double cover, but G2 does not. 

Let TT denote an irreducible cuspidal representation of the group S' 03 (A). Let a(7r) denote 
the automorphic representation of G 2 (A) generated by all functions 


fW 


= j ^{ 9 ) 0 {ih,g))dg 

S 03 {F)\S 03 {A) 


where h G G' 2 (A) and ip{g) is a vector in the space of tt. We shall denote by L{n,s) the 
standard L function attached to vr. We prove 


Proposition 18 . Let vr he as above, and assume that L(7r, 1/2) = 0. Then cr{'F) defines a 
generic cuspidal representation ofG2{A). 

Proof. For i = 1, 2, we shall denote by V) the two unipotent radicals of the maximal parabolic 
subgroups of G 2 . In other words, 

Hi =< a;oi2o(’^)a;oiii(’^);a:iiii(r)a;ii2o(r);a;i23i(r)a;i222(’^);a:i342(r');a;2342(?^) > 


H 2 =< xiooo(r);xiiii(r)a;ii2o(r);a;i23i(r')a;i222(r);a;i342(r);a;2342(r) > 
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and 


To prove the cuspidality of the lift, we need to prove that for i = 1, 2 the integrals 


V{9)d{{v,g))dvdg 


S03{F)\S03(A) Vi{F)\Vi(A) 

are zero for all choice of data. The group Z = { 0 : 2342 (?’)} is a subgroup of Vi. Hence, using 
Proposition [3] this integral is equal to 


^p{g)e^{{v,g))dvdg+ 


S03{F)\S03{A) Z{A)Vi{F)\ViiA) 


j ^{ 9 ) J '^d^’^ih2{e)j{v,g))dvdg 

S03{F)\S03{A) Z{A)Vi(F)\Vi{A) 'yeQiF)\Sp6 {F) eGF* 

Denote by I[ the hrst summand and by I' the second summand. To show that the hrst 
summand is zero, using Proposition [H it is enough to show that the integral 

j ^{ 9 W 6 {{l, 9 ))d 9 

S 03 iF)\S 03 (A) 

is zero for all choice of data. Here 6 q is a vector in the space of the representation ©g which 
was dehned right before Proposition [2l Apply Proposition [7]to this integral, by using identity 
(02]). The contribution of the constant term gives us the integral 

J 9 ))d 9 

S03{F)\S03{A) 

Here U{GL 3 ) is the unipotent radical of the parabolic group P{GL^) which was dehned before 
Proposition [6l In Proposition [7] this unipotent group was denoted by U. From Proposition [6] 
we obtain the integral J (p{g)dg as inner integration. This integral is clearly zero. 

S03{F)\S03{A) 

Plugging the second summand of f02|) we obtain 

f ^{ 9 ) 

S03{F)\S03(A) l€Lo{GL3)iF)\GL3{F) 

where Lq^GL^) was dehned right before Proposition [T] Consider the space of double cosets 
Lq{GL 3 ){F)\GLs{F)/SO si^F). We partition the set of representatives 6 into two sets. The 
hrst set has the property that 6 ~^Lo{GL 3 ) 6 r\S 03 is the maximal unipotent subgroup of SO 3 . 
In this case, from the cuspidality of tt and from equation (l43il in Proposition [T] we get zero 
contribution. The other type of representative has the property that S~^Lq{GL 3)6 fl SO 3 is 
a certain SO 2 which can be embedded in the split SO 3 . Thus, applying again equation (031) 
in Proposition [7| we get J ip{g)dg as inner integration. From [^, we know that 

S02{F)\S02{A) 

if L{f, 1/2) = 0 then this integral is zero. Thus = 0. 
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Next we compute The space of the double cosets Q{F)\Spq{F)/Q{F) contains four 
representatives which we can choose to be e, ta[2], tc[232] and ry[232432]. For 1 < j < 4, we 
denote by Ij the contribution to F from each one of the four representatives. First, integral 
Ji is equal to 


j Fig) j '^0^''^ih2ie){v,g))dvdg 

S03{F)\S03{A) Z{A)Vi{F)\Vi{A) 

Using Proposition m we obtain J ip{g)dg as inner integration. Thus Ji = 0. Next, 

S 03 {F)\S 03 {A) 

J 4 is equal to 


j Fig) j d^''^ih2ie)w[232A32]y{6i,...,56)iv,g))dvdg 

S03{F)\S03{A) Z{A)Vi{F)\ViiA) 

where 


vidi, . . . ,6 q) — XoiOo(^l)3;oilo(^2)2:oill(^3)3^012o(^4)a^012l(^5)2^0122(<56) 

Since h2ie)w[232A32]y{6i, ..., 6 G)xiu 2 ir) = Xiooo{e~^r)h2ie)w[232A32]y{6i,... ,Se) we obtain 
f 'ijj{e~^r)dr as inner integration. Thus F = 0. 

F\A 

Integral I 2 is equal to 

I Fig) / Z E 0’^'^{h2ie)w[2]xoiooi6i)'y{v,g))dvdg 

S03(F)\S03{A) Z{A)Vi(F)\Vi(A) 7GS(4)(F)\SL3(F) <5ieF,eGF* 

Here *S'(4) is the maximal parabolic subgroup of SL^ whose Levi part contains the SL 2 
generated by < a:±(oooi)(^) >• The space S{F){F)\SL^{F)/SOz{F) contains inhnite number 
of orbits. As representative we can choose e,w[3] and tc[34]xooii(z^) where z/ G {F*Y\F*. 
The identity representative contributes to I 2 the term 

J Fig) J ^ 6^’^{h2ie)w[2]xoiooi5i)iv,g))dvdg 

B{F)\S03iA) Z(A)Vi(F)\V,{A) 

where B is the Borel subgroup of SO^- Let N denote the unipotent radical of SO^- From 
Proposition 0] we deduce that the function 


g H- e^''^{h 2 ie)w[ 2 ]xoioo{ 6 i){v, g)) 


is left invariant under all n G A^(A). Thus we get zero by the cuspidality of tt. The second 
representative contributes to I 2 the term 

j Fig) J ^ 6^'^{h2ie)w[23]xoi2oi5i)iv,g))dvdg 

T(F)\S03(A) Z{A)Vi{F)\Vi{A) <5iGF,eGF* 

where T is the maximal split torus of SO^. From Proposition 0] it follows that the function 


g H- e^^'>’{h2ie)w[23]xoi2Gi5i)iv,g)) 
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is left invariant under T(A). Thus we obtain f (p{tg)dt as inner integration. Since 

T{F)\T{A) 

L{ 7 i, 1/2) = 0, it follows that this last integral is zero. Thus we are left with the third family 
of representatives which contributes to I 2 the integral 

j ^{ 9 ) j d^''^{h2{e)w[2M]xm22{di)xQoii{v){v,g))dvdg 

S^(F)\S03(A) Z{A)Vi{F)\Vi{A) <5ieF,eGF* 

where Sy is an orthogonal group which depends on z/. We have a;iiii(r)a;ii2o(^") G Vi. Also, 
we have the commutation relations 

h2{e)w[2M]xoi22{di)xoQii{F)xiiii{r)xii2o{r) = xioQo{Fe~^r)u'h2{e)w[2M]xoi22{h)xooii{F) 
where u' & U such that ipuiu') = 1. Thus we obtain J 'ip{i'e~^r)dr as inner integration. 

F\A 

Hence /2 = 0. 

We are left with which is equal to 

J ^(g) J ^ e^’'^{h2ie)w[232]yi{6i,62,S3)'y{v,g))dvdg 

S03iF)\S03iA) Z(A)Vi(F)\V,{A) 

where <52, = a;oioo(<5i)a^oiio(<52)a^oi2o(<53) and S'(3) is the maximal parabolic subgroup 

of S'La which contains the SL 2 generated by < a;±ooio(^) >• As in the computations of /2, 
the space S{3){F)\SL3{F)/SO^i^F) contains inhnite number of orbits. As representative we 
can choose e, tc[4] and tc[43]a;ooii(z^) where u G {F*)^\F*. The contribution from the identity 
element is 

J ^(g) J 0^’'^{h2ie)w[232]yi{6i,62,S3){v,g))dvdg 

B(F)\S03(A) Z{A)ViiF)\V^{A) 

The unipotent element a;iiii(r)a;ii2o(’") G Vi. We have 

a^oioo(<5i)a^iiii(^)a^ii2o(^) = Xuu{r)xii2o{r)xi22o{dir)xowo{Si) 

Since tc[232]0:1220= a:iooo(<^i^)'ia[232], we obtain f 'ip{Sie~^r)dr as inner integration. 

F\A 

Thus we may assume that = 0. If 62 = 0, then the function 

g HG 6'^’’^(h2(e)M;[232]|/i(0,0,(53)(v,5()) 

is left invariant under N[A). Thus, by cuspidality we get zero. Hence we may assume 
that we sum over 82 7^ 0. The torus T(F) acts transitively on the set {a:oiio(<52) : <^2 7^ 0}. 
Collapsing summation with integration, the above integral is equal to 

j g^ig) j 6»^’’^(h2(e)M;[232]a:ollo(l)a:ol2o(<53)(^',5'))c^^'c^fi' 

N{F)\S03{A) Z(A)Vi(F)\Vi(A) ^3€F,eGF* 
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Suppose first that i = 1. Then a;oiii(r)a;oi2o(^") ^ Vi- Collapsing summation with integration, 
we obtain as inner integration, the integral 

f ^ e^’'^{h 2 {e)w[ 232 ]xoiiQ{l)xoi 2 o{r){v,g))dr 

By commutation relations, one can check that as a function of g the above integral is left 
invariant under N{A). Thus we get zero by the cuspidality of tt. When i = 2 , we have 
^iooo(r) e V2. We have 

/i2(e)w[232]a;oiio(l)a:oi2o((53)a:iooo(’^) = a;iooo(e"V)u'h2(e)w[232]a;oiio(l)a;oi2o(^3) 

where u' G 17 is such that ipuiu') = 1 . Thus we get zero in this case also. Next we consider 
the contribution of tc[ 4 ] to I3. It is equal to 

J ^{9) j 0 ^''^{h 2 {e)w[ 232 A]y 2 { 5 i, 52 , 5 ^){v,g))dvdg 

T(F)\SOi{A) Z{A)Vi{F)\Vi(A) 

where 1/2((^i, ^2, <^3) = a;oioo(( 5 i)a:oiii( 52 )a;oi 22 ( 53 )- We have 0:1231 (r)a;i222(r) G Vi. Since 
t(;[ 2324 ]a:i 222 (’") = 0:1000[ 2324 ] we get zero contribution in this case. Finally, the last 
set of representatives are 

^ J (f(g) j ^ 9 ^’'f’{h2{e)woy3{Si,S2,S3)xooii{u){v,g))dvdg 

’'^^*S^{F)\S03{A) Z{A)Vi(F)\Vi(A) FeF,eGF* 

where |/ 3 ( 5 i, ^2, ^3) = 0:0120(<^1)2^0121(^2)0:0122(<^3) and Wq = tc[ 23243 ]. As above, we use the 
unipotent matrix 0:1231 (r)o:i222(^") to get zero. Thus Is equal to zero. This completes the 
proof of the cuspidality. 

To prove the nonvanishing of the lift we compute its Whittaker coefficient. In other words, 
we compute the integral 

Wj{h) = j f {vh)'ipv{v)dv 

V{F)\V(A) 

where tfjy is dehned as follows. For v E V write v = o:iooo(^"i)o:oi2o(^2)o:oiii(^"2)f'. Then 
'ipviv) = '^(ri + r2). See subsection 2.1 for notations. Repeating the same expansions as 
in the proof of the cuspidality, we obtain zero contribution except from the term which 
corresponds to the identity representative in the computation of I^. In other words Wj{h) 
is equal to 

j * 7 ( 7 ) j X] e^''^{h2{e)w[232]xoiio{l)xoi2o{6){y{ryr2)h,g))il){ri+r2)dridg 

N(F)\SOi(A) (F\A)2 

where y{ryr2) = a:iooo(»^i)2^oi2o(^^2)2:oiii(»^2)- We have 

/i2(e)tc[232]a:oiio(l)a:oi2o((5)2:iooo(^^i) = a:iooo(e"Vi)M'/i2(e)w[232]a:oiio(l)a:oi2o((5) 
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where u' E U is such that 'ipuiu') = 1. Thus we get / — e ^)r)dr a.s inner integration, 

F\A 

and hence e = 1. Next, collapsing summation over 62 with the integration over r 2 , the 
above integral is equal to 

J V^ig) J 0^’'^{w[232]xouo{l)xoi2o{r2){Kg))'ilj{r2)dr2dg 

W(F)\503(A) a 

Factoring the integration over N, we obtain the identity 

Wjr{h)= j W^{g) j e^’^{w[232]xoiio{l)xoi2o{r2){h,g))'il!{r2)dr2dg 

N{A)\S03{A) a 

where W^{g) is the Whittaker coefficient attached to ip. This completes the proof of the 
Proposition. □ 

3.4.2. From G2 to SO3. To study this lift, we consider a different embedding of the 
commuting pair. First, we embed the group G 2 inside F 4 as the group generated by all 
unipotent elements < a;±(iooo)(’")a^±(ooio)(^);a;±(oioo)(^) >• This embedding is the stan¬ 
dard embedding of the group G 2 inside Spin-/. The group SO3 is the group generated 
by < x±(oooi)(^)3^±(i23i)(—''")3^±(i 232)(—>• This embedding and the one introduced in the 
previous subsection are related by conjugation of the Weyl element w[231234]. We shall 
denote by V the unipotent radical subgroup of the standard Borel subgroup of G 2 embedded 
as above. 

Let n denote a cuspidal irreducible representation of the group G' 2 (A). Let a(n) denote 
the automorphic representation of S'(93(A) generated by all functions of the form 

f{g)= J ^{h)0{{h,g))dh 

G2{F)\G2{A) 

We start with 


Proposition 19 . The representation cr(T) is a cuspidal representation of SOz{A). 

Proof. Let x{r) = xoooi(?")3^i23i(—''")a^i 232 (—We need to prove that the integral 

(p{h)6{{h, x{r)g))drdh 

G2{F)\G2 (A) f\a 

is zero for all choice of data. We expand the integral along the group f/ 2 - This group was 

dehned in the beginning of the proof of Proposition [161 As explained there, there are only 

two orbits which contributes nonzero terms. They correspond to the constant term and to 
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the set of all nonzero vectors with zero length. Thus, the above integral is equal to 

J J (p{h) 9^'^ {{h,x{r)g))drdh+ j J Lp{h) 9^'^’'^ {{h,x{r)g))drdh 

G2{F)\G2 (A) F\A 5(2)(F)\G2(A) F\A 

Denote the hrst summand by I' and the second one by I". In the above integral, 5(2) is the 
subgroup of G 2 generated by < x±(oioo)(^)) V >. Also, we denoted 

5)f/2,y(^) ^ J 9{u2m)'ijju2{u2)du2 

U2iF)\U2{A) 

where was dehned in the proof of Proposition [ini We mention, that in the computation 
of I” we used the fact that G 2 acts transitively on the set of all nonzero vectors with zero 
length. 


We start with J". Let U = U, 


a2,(y-z^OLA' 


Expand the integral along the group U/Z with points 


in F\A. Using Proposition |3] we obtain two terms. Thus, I” is equal to 

/ / ^{h)9^ {xoi22{ri){h,x{r)g))ip{ri)dridrdh+ 


S{2)(F)\G2{A) {F\A)2 


^{h) 


6'^’’^(h2(e)7M2(h, x{r)g))'ilju^{u2)du2drdh 


S{2)iF)\G2{A) F\A Z(A)U2{F)\U2(A) 

Arguing as in the proof of Proposition [HI it is not hard to check that the second summand 
is zero. As for the hrst one, after conjugation and changing variables in U, we obtain 


(p{h)9’^{xoi2i{r)xoi22{ri){h, g))'il:{ri)dridrdh 


S{2){F)\G2{A) (F\A)2 


The function 


L{h) = I 9^{xoi2i{r)xoi22{ri){h,g))'ijj{ri)dridr 


{F\A)2 

is left invariant by the unipotent radical U(2) of the maximal parabolic subgroup 5(2). 
Indeed, we have 

V (2) = {xiooo(mi)xooio(mi)xnoo(m2)xono(m2)xnio(m3)xoi2o(m3)xn2o(m4)xi22o(m5)} 
Changing variables in 1/ the above integral is equal to 

J d^(xoi2i(r)xoi22(ri)y(mi, m 2 , m3))^(ri)dridr 

(F\A)2 

where y{mi,m 2 ,m 3 ) = a:ooio(’^i)3^oiio(’^2)2:oi2o(^3)- It follows from Proposition [1] that 9^ 

is the representation ©g dehned on 5pg right before Proposition O Thus, the above integral 
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is equal to 


(F\A)2 


/I 


rA 


LV 


/I 


1 / 


1 mi m2 m3 
1 m 2 

1 —mi 
1 




V 


1 /J 


'Ip (ri) dr dr I 


Denote the right most matrix by m. Plug in the above integral expansion 0421) in Proposition 
[71 The hrst term contributes zero since we obtain J '0(ri)(iri as inner integration. The 

F\A 

second summand in expansion 0471) . when plugged inside the above integral can be written 
as a union of cells given by 053|) . It is not hard to check that the hrst two cells contribute 
zero. The last cell contributes 


SiGF, 




U{GL3),iP 


(F\A)2 



/I 62 

\ 


/I r ri\ 



1 



1 r 


w 

1 



1 

m 

1 

-^2 


1 


1 



1 



v 

1 y 


V ij 



'ip{ri)drdri 


Here, in equation fl42|) we wrote U{GL^) instead of U. Also, 

1 


'W = 


Wo 


Wr 


; Wo = 


Conjugating the matrix with the r and ri variable to the left, after changing variables in 
we may assume that di = 0. Thus we obtain 




/I 52 

1 

\ 


0U{GL3),i; 

<52 SF 

W 

1 

1 

1 

-52 

m 



\ 

1J 



Conjugating m to the left, changing variables in U{GLo) and using equation 043|) implies 
that the above sum is in fact left invariant under m G S'pg(A). 

From this we conclude that L{yh) = L{v) for all v G V{2). Since V{2) is a unipotent 
radical of a maximal parabolic subgroup of G 2 , it follows that the integral I" is zero by the 
cuspidality of tt. 

Next we consider As in the proof of Proposition [TBl it follows that this integral is equal 
to 

G2{F)\G2{A) 
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where U{B^) = Uai,a 2 ,a 3 - To prove that this integral is zero for all choice of data, let E{h, s) 
denote the Eisenstein series associated with the induced representation Here L 

is the maximal parabolic subgroup of G 2 which preserves a line. Consider the integral 

s)dh 

G2(F)\G2(A) 

As in fl5Tl) . unfolding the Eisenstein series, using Proposition [H we show that this integral is 
zero for all Re{s) large. Thus its residue at s = 1 is zero, from which it follows that I' = 0. 
Thus the lift is cuspidal. □ 

Next we shall give a criterion for the lift to be nonzero. To do that, let 

Cl =< a;(iooo)(r')a:(ooio)(’^);a;(iioo)(r)a;(oiio)(r);a;(iiio)(r)a;(oi2o)(’^);a;(ii2o)(r);a;(i22o)(’^) > 

Thus, Vi is a unipotent radical of the maximal parabolic subgroup of G 2 which preserves a 
line. We construct a projection from Ci to the Heisenberg group with three variables, 
dehned as follows. Write u G Ci as 

V = a;(iooo) (’^O^^cooio) (^^O^^ciioo) (?’2)a:(oiio) (’^2)a:(iiio) (?^3)2:(oi2o) (?’3)a;(ii20) (?^4)a:(i22o) (^^s) 

Then we dehne / : W 1 —)■ "Ha as l{v) = (ri,r 2 ,r 3 ). Here, we identify elements in "Ha as triples, 
where the third coordinate is the center of "Ha- The group SL 2 generated by < a:±(oioo)(^) > 
normalizes the group Ci. We have 

Proposition 20. The representation cr{n) is nonzero, if and only if the integral 
(66) J j ip{vm)9gf^{l{v)m)dvdm 

SL2{F)\SL2{A) Vi{F)\ViiA) 

is nonzero for some choice of data. Here ett is a vector in the space of the theta 

representation o/'Ha(A) ■ SL 2 {A). 

Proof. Keeping the notations in the proof of Proposition [191 the lift is nonzero for some 
choice of data, if and only if the integral 

Wf{g)= J J ip{h)e{{h,x{li)g))if{h)dhdh 

G2(F)\G2(A) f\a 

is nonzero for some choice of data. Here x{li) was dehned in the beginning of the proof of 
Proposition [191 Arguing as in the proof of Proposition [191 ''^6 obtain 

Wf{g)= J J ^p{h)e^{xoi 2 i{li)xoi 22 {h){h,g))'ilj{h+ l 2 )dlidh 



S(2)(F)\G2(A) (F\A)2 
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Here S{2) = Vi-SL 2 where the SL 2 is generated by < x±(oioo)(^) >• Factoring the integration 
over S{2), and plugging g = e, then hF/(e) is equal to 


J J J J 

S(2)(A)\G2(A) SL2{F)\SL2{A) Vi{F)\Vi{A) (F\A)2 
6 ^{xoi2i{h)xoi22{l2)vim{h, e))'0(/i + l2)dlidvidmdh 


Arguing in a similar way as in |Ga-Sj . the above integral is zero for all choice of data if and 
only if the integral 

<f>{vim)9^ {xoi2i{li)xQi22{l2)vim)il){li + l2)dlidvidm 

SL2{F)\SL2{A) Vi{F)\Vi{A) {F\Af 

is zero for all choice of data. From the description of Vi in terms of roots in F 4 , it follows 
after a change of variables in U, that the above integral is equal to 



(p{vim)6’^{xoi2i{h)xoi22{l2)y{mi, m 2 , m3)m)ijj{li + l2)dlidvidm 


SL2(F)\SL2(A) Vi(F)\Vi{A) (F\A)2 

where y{mi,m 2 ,m^) = a;ooio(^i) 3 ^oiio(’^ 2 )a^oi 2 o(^ 3 )- From Proposition [H this integral is 
zero for all choice of data if and only if the integral 


j ip{k{mi,m2, m 3 , ri, r2)m)9e{z{li, l2)y{mi, m 2 , m^)m)'ip{li + l2)dlidmjdm 

SL2{F)\SL2(A) {F\Ay 

is zero for all choice of data. Here z{li, I 2 ) = I% + /i(ei ,5 + 62 , 6 ) + ^ 261 , 6 , and y{mi, m 2 , m 3 ) = 
/6 + mi(e 2 , 3 - 64 , 5 )+m 2 (e 2,4 + e 3 , 5 )+m 3 e 2 , 5 , both matrices in Sp^. Also, fc(mi,m 2 ,m 3 ,ri,r 2 ) 
is equal to 



a;iooo(nri)a;ooio(nr2)a:iioo(m2)a;oiio(m2)xiiio(m3)a;oi2o(nr3)xii2o(ri)xi22o(’^2) 

Next we use Proposition [S] to obtain that the above integral is equal to 

^{k{mi, m 2 , m 2 ,, ri, r2)m)9l’^^{h{l2)y{mi, m 2 , ms)m)'ijj{h)dlidmjdm 

SL 2 {F)\SL 2 {A) iF\Ay 

Here 9^’^^ is a vector in the space of which is the theta representation defined on 
the group ■ 5 *^ 4 (A). The element h{l 2 ) is an element in T-L^^A) which is equal to 

h^h) = (0, 0, 0,/ 2 , 0). Here we view elements of as defined in [H]. Applying the 

formulas of the Weil representation, see Cl, we obtain integral fl 66 l) as inner integration. 
Arguing again in a similar way as in [Ga-Sj . the Proposition follows. □ 



3.5. The Commuting Pair {SL 2 , Sp^). In this subsection we study the lifting from auto- 
morphic representations of SL 2 {A) to automorphic representations of S'pg(A), and also the 
lifting in the other direction. 
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3.5.1. From SL 2 {A) to S'pg(A). To study this lift we consider the following embedding of 
the groups SL 2 and Spe in F 4 . First we embed the group SL 2 as the group < a;±oioo(’") >• 
The embedding of Spe is as the group generated by < a:±oi 2 o(’"); ^±oooi(^); 3^±iiio(^) >• 
These two embedding do not split under the double cover. The group Sp^ has three max¬ 
imal parabolic subgroups, and we denote their unipotent radical by 1^ for 1 < z < 3. 
The roots inside these three unipotent groups are {(1110; (1111); (1231); (1232); (2342)} in 
Fi, {(0001); (1111); (0121); (1231); (0122); (1232); (2342)} in V 2 , and {(0120); (0121); (0122); 
(1231); (1232); (2342)} in F 3 . 

Let TT denote an irreducible cuspidal representation of SL 2 {A). The lift we consider is 
given by 

f{g)= j p{h)e{{{h,g))dh 

SL2(F)\SL2(A) 

We denote by a{n) the automorphic representation of S'pg(A) generated by the above func¬ 
tions. The result we prove is 

Proposition 21. Letn denote an irreducible cuspidal representation of SL2{A) which lift to 
a cuspidal representation of GL 2 {A). Then the representation cr(T) is nonzero. Assume also 
that integral dZOD is zero for all choice of data. Then, the constant terms of this representation 
along the unipotent groups Vi and V 3 are zero. 


Proof. We start with the computation of the constant terms along the groups V} and V3. 
Thus, for z = 1, 3 we need to prove that the integral 


(67) 


ip{h)9{{h, v))dvdh 


SL2(F)\SL2(A) Vi(F)\Vi(A) 

is zero for all choice of data. Let Z = {x2342}- Then Z C V) and using Proposition [3] integral 
fl671) is equal to 


( 68 ) 


ip{h)6^[[{h, v))dvdh+ 


SL2{F)\SL2{A) Z{A)Vi{F)\Vi{A) 


j T{h) j '^9^’'^{h2{e)-f{v,g))dvdh 

SL2iF)\SL2(A) Z{A)Vi{F)\Vi{A) Z&Q(F)\Sp%{F)'^&F* 

The hrst summand is zero. Indeed, it follows from Proposition [T] that we obtain the integral 

(69) J ip{h)9%{h)dh 

SL2(F)\SL2{A) 

as inner integration. Here, the embedding of SL 2 inside S'pg is given by h —)■ diag(l, 1, h, 1,1). 

Also, 9q is a vector in the space of the representation 0g which was dehned right before 
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Proposition [2l Let Z denote the subgroup of S'pe which was dehned right before Proposition 
IHl Expanding the above integral along Z(F)\Z(A), we consider hrst the contribution from 
the nontrivial characters. To that we use Proposition [S] to obtain the integral 

j mDt,T(h)dh 

SL2{F)\SL2{A) 

as inner integration. Applying the Theta representation properties, see [H] and |G-R-S6j . 
we obtain the integral 

J ^ih)e^itih)dh 

SL2(F)\SL2(A) 

It follows from the assumption on T that this integral is zero for all choice of data. Thus, 
integral (16^ is equal to 

ip{h)6Q {h)dh 

SL2{F)\SL2{A) 

The quotient U{GLi x S'p/^jZ is abelian. Here U{GLi x Sp^) was dehned right before 
Proposition O Expanding along this quotient, and using the fact that ©g is a minimal 
representation, the above integral is equal to 

SL2{F)\SL2{A) 

We proceed with these Fourier expansions, and using the minimality of ©g, we deduce that 
the above integral is equal to 

(70) j p{h)dl{h)dh 

SL2{F)\SL2(A) 

Here V is the unipotent radical of the parabolic subgroup of Spe whose Levi part is GL^ x SL 2 . 
This integral is zero by assumption. Hence the hrst summand in (l68|l is zero for all choice 
of data. 

Next we compute the second summand in fl68l) . Let P denote the maximal parabolic sub¬ 
group of Spe whose Levi part is GLi x 5 ^ 4 . The space of double cosets Q{F)\Spq{F)/P{F) 
contains two elements, and we take e and r(;[234] as representatives. Denote by Ji the con¬ 
tribution from e and by I 2 the contribution from t(;[234]. Then 

h= j ^{h) j ^ ^e^’^{h2{e)'y{v,g))dvdh 

SL2iF)\SL2iA) Z{A)Vi{F)\Vi{A) 7G5(3)(F)\Sp4(F) eGF* 

Here 5(3) is the maximal parabolic subgroup of Sp^ which contains the group < x±ooio >• 
The space of double cosets S{?>){F)\Spi{F)/S{2){F) contains two elements with represen¬ 
tatives e and w[23]. Here 5(2) is the maximal parabolic subgroup of Spi whose Levi part 
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contains the group < a:±oioo >• The contribution to Ji from e is given by 

j ^{h) j '^e’^’^{h 2 {e){v,g))dvdh 

B(F)\SL2{A) ZiA)Vi(F)\Vi{A) 

Here B is the Borel subgroup of SL 2 . Using Proposition 0] this integral is zero by cuspidality 
of F. This follows from the fact that the function g 1 —)■ 6 ^’^{h 2 {e){v, g)) is left invariant under 
{xoioo(^)} with r G A. The contribution to Ji from tc[23] is given by 

J I 9^’^{h2{e)w[23]xooio{5i)xoi2o{52){v,g))dvdh 

B(F)\SL2iA) Z{A)ViiF)\ViiA) 

If (5i is zero, arguing as in the previous integral, using Proposition 01 we get zero contribution 
by the cuspidality of tt. Assume (5i 7 ^ 0. If i = 1 , then Vi contains the root (1110). Conju¬ 
gating a;iiio(r) from right to left, using commutation relations and Proposition 01 we obtain 
j 'ip{e~^5ir)dr as inner integration. Since (5i and e are nonzero this integral is zero. When 

F\A 

i = 3, the group V 3 , contains {a;oi 2 o(?")}• Collapse the summation over 62 with the correspond¬ 
ing integration, we then get that the function h f d’^’'^(h2(€)wl23]xooio(di)xoi2o('>")(^, h))dr 

A 

is left invariant under {xoioo(’^)} for all m G A. Thus we get zero by cuspidality. Thus 

/i = 0. 

We are left with I 2 which is equal to 

/ ^ 

SL2{F)\SL2{A) Z{A)Vi{F)\Vi(A) 7eS(3)(F)\Sp4(F) 

9^''^{h 2 {e)w\^ 3 A]xoQoi{ 5 i)xQoii{ 52 )xoi 22 {h)l{v, g))dvdh 

SiGF, e&F* 

As above, we take e and tc[23] as representatives for S{ 3 ){F)\Sp 4 {F)/S{ 2 ){F), and so I 2 is 
a sum of two integrals which we denote by 1 21 and J 22 . The integral I 21 is equal to 

j ^{h) j 9^’^{h2{e)w[23A]xoooi{Si)xoon{d2)xou2{d3){v,g))dvdh 

B(F)\SL2{A) Z(A)ViiF)\ViiA) 

If 62 equal zero, then we get zero by cuspidality. This follows from the fact that the function 
g I-)- 9^’'^{h2{e)w[23A]xQooi{5i)xoi22{h){v,g)) is left invariant by {xoioo{r)} with r G A. 
Assume 62 7 ^ 0. The group Vi contains the root (1111). Conjugating by xiiii(r), we obtain 
J 'ijj{e~^ 62 r)dr as inner integration, and hence we get zero. The group V 3 , contains the root 

F\A 

( 0122 ). As in the case of Ji, we collapse summation and integration , and then get zero by 
cuspidality. We are left with I 22 which is equal to 

j a(^) / 6'^A(/^2(e)tc[23423]?/((5i, S 2 , S 3 , 64 , S 5 )(v, g))dvdh 

B(F)\SL2(A) Z(A)Vi(F)\Vi(A) -^iGF eeF* 
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where 


y {^ l ) ^ 2 , <^3) ^4; ^ 5 ) — 3:^001o(^i)3;o01i(^2)3;o12o(^3)3^012i(<^4)3;o122(^5) 
Both unipotent subgroups contains the two roots (1231) and (1232). We have 

3^0011 (< 52 ) 3^1231 (^) = Xi242{^'S2)Xl23l{r)x0Qii{52) 


Since tc[23423] conjugates the root (1242) to (1000), it follows that if 62 7 ^ 0, then the 
contribution to the above integral is zero. Indeed, using these commutation relations, and a 
change of variables in U, we obtain the integral f '4){52er)dr as inner integration. Similarly, 
using the root (1232) we deduce that the contribution from hi 7 ^ 0 is zero. When hi = ^2 = 0 
we once again use the left invariance of 6 ^’'^ by a:oioo(^") with r G A, to get zero by cuspidality. 
This completes the proof that the constant terms along the unipotent groups Vi and V 3 are 
zero. 

Next we consider the question of the non vanishing of the lift. We will prove that there is 
a choice of data such that the integral 

(71) j f{xoi2Q{ri)xoi2i{r2)xoi22{r^)xi23i{ri)xi232{r^)x23A2{rfi))i){(3ri + yrg + rfi)dri 

(F\A)6 

is not zero for some / 9,7 G F*. Assume not. Then, for all [3 and 7 and all choice of data, 
this integral is zero. Plugging this into the dehnition of the lift, we deduce that for all choice 
of data, the integral 


/ 


(p(h) 


6 *((h, v))'ipv,i 3 ,'y{v)dvdh 


SL2{F)\SL2{A) V{F)\ViA) 

is zero. Here we wrote V and ' 0 u,;S ,7 for fhe group generated by the 6 roots in flTTl) and 
for the character of this group. The group V is abelian. Let Ui = {xi 23 i(’"), 2 : 1232 (r)} and 
U 2 = { 3 :oi 2 o(r), Xoi 2 i(r), Xoi 22 (r)}. Using Proposition [5] we deduce that for all choice of data, 
the integral 


/ 


ip{h) 


0t’t^{^'{ui)wz{u2h))'4)u2,fi,^{u2)duidu2dh 


SL2{F)\SL2{A) Ui{F)\Ui{A) U2{F)\U2{A) 

is zero. We describe the embedding of the various groups inside the Heisenberg group "His 
and in Sp^. We use the parametrization as described in integral flTB . First, inside the 
Heisenberg group we have 


2 : 1231 (^ 4 ) 3 : 1232 (^ 5 ) = (0 ,..., 0, r4, rs, 0, 0, 0) 

where the last coordinate is the center of the Heisenberg group. Here we identify the group 
■His with a 15 tuple. See [IT]. Next 

2:oi2o(?^i) = 7 i 4 + rie'i 5 + rie^^ + ^64,11, xoi 22 (r' 3 ) = /i 4 + rse) 9 + rse'a 10 + ^363,12 

83 


Here Cij denotes the matrix of size 14 which has one at the {i,j) entry and zero elsewhere, 
and e'j = etj — ei 5 _j^i 5 _i. The above two matrices are in Spu. Also, we have 

Xoi2i{r2) = /i4 + r2e[j + r2e2_8 + r2e3 

Finally, the group SL 2 is embedded in Spi 4 as h ^ diag(h, I 2 , h, h, h*, I 2 , h*). 

In the above integral we unfold the theta function. Using the action of the Weil repre¬ 
sentation under the Heisenberg group, see [G-R,-S 6 ] . we deduce that .^3 = .^4 = 0. Thus the 
integral 

/ / 

SL2{F)\SL2{A) {F\A)3 

^ uj^{xouo{ri)xoui{r2)xou2{r3)h)(j){^i, ^ 2 , 0, 0, ^ 5 , + ir^)dridh 

ii&F 

is zero for all choice of data. From the embedding of the group SL 2 in Spu, and from the 
action of the Weil representation, we obtain that the group SL 2 {F) acts on the hrst two 
coordinates .^1 and .^2 with two orbits. The trivial orbit contributes zero. Indeed, from the 
embedding of the unipotent group {a:oi 2 o(?"i)} inside Fpu, we obtain the integral J 'ilj{/3ri)dri 
as inner integration. Thus the above integral is equal to 

/ / 

N{F)\SL2iA) {F\Ap 

uJ^ixoi2o{ri)xoi2i{r2)xoi22{r3)h)(l){0, 1 , 0 , 0 , ^ 5 , + 'yr3)dridh 

ii&F 

which is zero for all choice of data. Here N is the unipotent radical of the Borel subgroup 
of SL 2 . Applying the integration over r 2 and then over rs, and arguing as above, we deduce 
that ^7 = 0 and ^5 = 7 . Collapsing the summation over with the integration over ri we 
obtain that the integral 

j p{h) j a;^(h) 0 (O, l,O,O,7,ri,O)'0(/3ri)(iri(ih 

N{F)\SL2{A) a 

is zero for all choice of data. Finally, factoring the integration over N we obtain that the 
integral 

j Wp^''^{h) j w^(h) 0 (O, l,0,0,7,ri,0)^/>(/3ri)dridh 

N(A)\SL2{A) a 

is zero for all choice of data. Here 


F\A 
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Using a similar argument as in |Ga-S] we deduce that is zero for all /? and 7. This 

is clearly a contradiction. 

□ 

3.5.2. Prom Sp^ to SL 2 . In this case we choose the following embedding of the two groups. 
First, the Spe is generated by < x±oioo(^); 2 ;±ooio(’"); 2 :±oooi(’") >) and the SL 2 is generated 
by < x± 2 'i 42 ij') >• This embedding is conjugated by the Weyl element tc[3124321] to the 
embedding of the two groups as was described in the previous subsection. 

Let TT denote an irreducible cuspidal representation of S'pg(A). The lift we consider is 

f{g)= j p{h)e{{h,g))dh 

Sp6iF)\Spe(A) 

We prove the following 

Proposition 22. Let cr(7f) denote the automorphic representation of SL 2 generated by the 
above funetions. Then o'(T) is a cuspidal representation. It is nonzero if and only if the 
integral 

j Tih)0spiA^3{h))dh 

Sp6{F)\Sp6{A) 

is nonzero for some choiee of data. Here (3 E F*. 

Proof. The representation cr(T) is nonzero if and only if the integral 

j p{h)e{{h,X2342{r)))'ip{/3r)drdh 

Spe{F)\Spe{A) F\A 

is nonzero for some choice of data. Thus the claim about the nonvanishing follows from 
Proposition [5l 

As for the cuspidality, we use Proposition [3] to write the constant term of the SL 2 as 

p{h)9^{{h,l))dh+ j p{h)9^’'l’{{h,l))dh 

Sp6{F)\Spe{A) Q0(F)(F)\Sp6(A) 

where is the subgroup of Q, which is the semidirect product of SL 3 and the unipotent 
radical of Q, the group U{Q). (See Proposition [ 6 ]). The hrst summand is zero because of 
Proposition [H As for the second summand, it follows from Proposition 0] that the function 
h I—)■ 9^'^{{h,l)) is left invariant by the group U{Q){A). Thus, we obtain zero by the 
cuspidality of T. 

□ 
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3.6. The Liftings as a Functorial Lifting. The next step, and an important one, is 
to determine which of the above constructions defines a functorial liftings. It is also an 
interesting problem to see if each of these pairs satisfy the unramified Howe duality property. 

More precisely, let {H, G) be one of the above commuting pair. Thus, if tt is a cuspidal 
irreducible representation of G'(A), or its double cover, and if a is a cuspidal irreducible 
representation of H{A), or its double cover, we are interested in the cases when the global 
integral 

(72) j j ip„{h)ip^{g)9{{h,g))dhdg 

HiF)\H{A) H{F)\HiA) 

is not zero for some choice of data. Here ipa- is a vector in the space of a, is a vector in 
the space of tt, and 0 is a vector in the space of 0. Following |G-R-S4j pages 606-608, then 
the nonvanishing of the integral implies that at any local place there is a nonzero such a 
trilinear form. In other words, let z/ be a place where all representations are unramified. Let 
= Ind^f^jj^x denote an unramified representation of H or its double cover, at the place f. 
When there is no confusion, we shall omit u from the notations. Similarly, let tTj, = Ind^^Q^p 
denote an unramified representation of G or its double cover at the place v. Then we assume 
that the space 

HomcxHilnd^^c^p x Inds(^H)X,0) 

is not zero. Here 6 is the local unramified constituent of 0 at the place u. The unramified 
Howe duality property states that given y and fi as above, then each one of these characters 
determine uniquely the other. 

Conjecture: All the five commuting pairs, which were described in the beginning of this 
Section, satisfy the local unramihed Howe duality property 

In each of the five cases we studied we will now give a conjectural description of the lift. 

1 ) {SL^, SL^). Here the construction is from the space of cuspidal representation defined 
on GLsi^A) to the space of automorphic representations of SL^i^A). The conjectural func¬ 
torial lift is the well known Shimura lift. Some information at the role of the orthogonal 
period which we obtained can be found in ra. 

2 ) {SL2 X SL2,Sp4). Here the conjectural lift is the endoscopic lift. In more details, 
the corresponding L groups of SL2{A) and S'p 4 (A) are SL2{C) and Sp^^C). Hence, the 
conjecture lift in this case is corresponding to the homomorphism from SL 2 {C) x SL 2 {C) 
into Sp 4 {C). This lift is a special case of the more general construction as studied in |G-R-S7j . 

3 ) {SL2, SL4). The conjectural lift in this case is a special case of the conjecture stated 

in [S]. We state it for our case. Let vr denote an irreducible cuspidal representation of 

GL 2 {A). Suppose that tt is a functorial lift from GL 2 {A) which is given by the Shimura lift. 
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Then it is conjectured in [S] that tt has a nontrivial lift to GLi^{A) and that the image is a 
certain residue representation. If vr is not in the image of the Shimura correspondence, then 
the conjecture states that vr has a nontrivial functorial lift to a cuspidal representation of 
GLi{A). Thus, we conjecture that this commuting pair will yield this lift. We remark that 
the conjecture stated in [S] is for all cuspidal representations of GL„(A). 

4) (S'Oa, G 2 )- This is an extension of the Classical Theta lift in the symplectic groups. In 
details, let vr denote a cuspidal irreducible representation of SOz{A). As follows from (Rj, 
if the lift to SL 2 {A) is zero, then the lift to 5 ^ 4 (A) is a generic cuspidal representation. 
Here the lift is obtained using the minimal representation of Sp 2 n{A) where n = 3,6. The 
conjecture in this case is that the same phenomena occurs with the exceptional group G 2 
replacing the group Sp 4 ^. In other words, if the lift of vr to SL 2 {A) is zero, then the lift to 
G 2 (A) is a generic cuspidal representation. 

5) {SL 2 , Spe). In this case we showed that the image is not cuspidal. We conjecture 

that we obtain a residual representation of S'pg(A) which we now describe. Let vr denote 
an irreducible cuspidal representation of SL 2 {A). Suppose that vr has a functorial lift to a 
cuspidal representation r of GL 2 {A). Then the partial tensor product L function s') 

has a simple pole at s' = 1. Form the Eisenstein series ET-^T^{g,s) dehned on S'pg(A), which 
is associated with the induced representation x Here Q' is the subgroup 

of S'pg dehned as follows. Let Q denote the maximal parabolic subgroup of Sp^ whose Levi 
part is GL 2 X SL 2 . Let U{Q) denote its unipotent radical. Then Q' = {GL 2 x SL 2 )U{Q). 
Its not hard to check that this Eisenstein series has a simple pole at sq corresponding to the 
point s' = 1. If we denote the residue representation by Sr^-K, then the conjecture is that this 
is the representation obtained in this case. 

4. Global Split Descent Constructions 

In this Section we consider some global descent constructions. We briehy recall the setup 

for this construction in the context of the group F 4 ( for classical groups see |G-R-S7] i. Let 

O denote a unipotent orbit of F 4 . It follows from 0 , that the stabilizer of each such orbit 

inside a suitable Levi subgroup, is a reductive group. As explained in Section 2, to each such 

orbit we can associate a set of Fourier coefficients. Thus, to each such orbit, we attach a 

unipotent group Ua, and a set of characters 'ipu,UA- Let H denote the connected component 

of the reductive part of the stabilizer of the character In this paper we will only 

consider those characters i>u,UA such that the group H is split. In some cases, one can also 

consider characters such that the stabilizer is an anisotropic group. However, for the analysis 

of when the lift is cuspidal and the study of the Fourier coefficients of the lift, the split case 
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is the hardest case and the more interesting one. Hence, we refer to these constructions as 
split descent constructions. 

Let £ denote an automorphic representation of the group F 4 . In principle there is no 
reason not to consider also automorphic representation dehned on metaplectic covering of 
the group F 4 . To avoid issues related to cocyles, we shall restrict to representations of F 4 
only. There are two cases to consider. The hrst, is when the Dynkin diagram attached to 
the unipotent orbit O is a diagram whose all nodes are labeled with zeros and twos. In the 
notations of subsection 2.2 we have in this case Ua = Ha( 2). In this case we consider the 
space of functions 

(73) fih)= j E{uh)'il)u,u^iu)du 

Here, is a vector in the space of £. Thus, f{h) dehnes an automorphic function on the 
group H{A). We denote by a the representation of H{A) generated by all functions f{h). 
We refer to the representation a as the descent representation of £. If the representation £ 
depends on an automorphic representation r of another group, we sometimes refer to a as 
the descent representation from r. 

The second case is when the diagram attached to the unipotent orbit contains also ones. 
In this case Ha = Ha( 1 ) 7^ Ha( 2 ). In other words, the set H^(l) is not empty. Therefore, 
there is a projection from the group Ha onto a suitable Heisenberg group. In particular 
the stabilizer H has an embedding into a suitable symplectic group. In |G-R-S3] there is a 
detailed discussion of this situation for unipotent orbits of the symplectic groups. However, 
these ideas hold for any algebraic group. In this case we consider the integral 

(74) f{h)= j 9fJ’{l{u)h)E{uh)^u,uMdu 

UA{F)\UAiA) 

Here I denotes the projection from Ha onto the Heisenberg group. The function is a 
vector in 65 ^, the minimal representation of the double cover of the suitable symplectic 
group. The character 'ipu,UA is dehned such that when combined with the character of the 
theta function it produces the character 'ipu,UA- more details see |G-R,-S3] page 4 formula 
(1.3). The function f{h) dehned in fl74)) is left invariant under the rational points of H. 
However, depending on the embedding of H inside the symplectic group, it may be a genuine 
function on H{A), the double cover of if (A). 

By unfolding the theta function in integral fl74|) we may associate with this integral two 
more integrals which are related to the unipotent orbit O. The relation, as explained in 
details in |G-R,-S3] Lemma 1.1, is that one integral is zero for all choice of data if and only if 








the other is zero for all choice of data. We briefly explain the relation. Denote U'^ = 17a( 2). 
The second integral which is related to fl74p is 

(75) j E{u”h)'ipu,u^{u”)du" 

where the character ^jJu,UA dehned in snbection 2.2. The third related integral is dehned 
as follows. Consider the set of roots Then there is a choice, in fact more than one 

choice, to extend the gronp 17^ to a nnipotent gronp U'^ snch that f/^ C U'^ C Ua and 
which satishes the following. The extension of U'^ is obtained by adding half of the roots in 
17^(1) to in snch a way that the character ^pu,UA extended trivially to U'^. The integral 
we then consider is 

(76) J E{u'h)'ijju,UAW)du' 

U'a{F)\U'^(A) 

These two last integrals were denoted in |G-R-S3] by (1.1) and (1.2). Lemma 1.1 in that 
reference states that if one of these three integrals is zero for all choice of data, then the 
other two also vanish for all choice of data. The proof is formal and applies to all algebraic 
gronps. 

We illnstrate this by an example. Consider the nnipotent orbit Ai. Its diagram is 

0 - 0 ==>==0 - 0 

In this case Ua = ^ 02 , 03,04 is the nnipotent radical of the maximal parabolic snbgronp of F 4 
whose Levi part is GSp^. Also, Ua is isomorphic to "His, the Heisenberg gronp consisting of 
15 variables and we denote by I this isomorphism. Hence, integral fl74|) is given by 

(77) /(ft)= j e*-*Jl(u)h)E(uh)du 

Ua{F)\Ua{A) 

where is a vector in the minimal representation of S'p 44 (A). The connected component 
of the stabilizer of this nnipotent orbit is the gronp SpQ. In this case the antomorphic 
fnnction f{h), and the representation a defines a gennine antomorphic fnnction and an 
antomorphic representation on the gronp S'pg(A). Since Ha (2) = { 0 : 2342 (?")} ( see snbsection 
2.1 for notations), then in this example, integral d75|) is 

(78) f E{x2M2{r)h)'4){r)dr 

F\A 

To describe integral fl76|) we need to choose half of the roots in H^(l), in snch a way that we 

can extend the character from { 0:2342 (r)} trivially. The choice of these roots is not nniqne. 
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For example, one can choose the following roots 

A = {(1122); (1221); (1222); (1231); (1232); (1242); (1342)} 

Thus, the group U'^ is the unipotent group generated by {xa{r)} where a E A together 
with the root (2342). The character V’i 7 ,nA dehned as follows. For u' = 0:2342 (’")«} set 
'4’u,u^iu') = 'ifjir) ( see subsection 2.1). Thus, 'iIju,ua is the trivial extension of the character 
given in flTSl) from f/^ to U'^. 

As mentioned in the introduction, our goal is to look for those unipotent orbits, such that 
the integrals which dehne the descent satishes the dimension identity (jll). There are two 
cases. When the nodes of the diagram attached to the unipotent orbit consists of zeros and 
twos, then the descent is given by integral d73|) . In this case, since the representation tt, as 
dehned in the introduction, is trivial, the dimension identity we consider is 

(79) dim S = dim Ua + dim a 

If the diagram contains also ones, then the descent is given by integral (1741) . In this case we 
also need to take into account the theta representation on the symplectic group. Thus we 
obtain 

dim S + dim 0^^ = dim Ua + dim a 

We have dim 0^^ = |(dim "H — 1) where "H is the corresponding Heisenberg group. Since 
this number is equal to a half of the roots in we obtain that the dimension formula 

for this case is given by 

(80) dim S = dim U'a + dim a 
where the group U'^ was dehned above. 

We remark that in both cases one can show that the dimension of Ua in the hrst case, and 
the dimension of U'^ in the second case is equal to half of the dimension of the unipotent 
orbit in question as listed in |C-M] page 128. Thus, if we denote this unipotent orbit by (9, 
then equations (1791) and (l80l) are given by 

(81) dim £ = ^dim O + dim a 

4.1. The dimensions for F 4 Descents. In this subsection we consider all possible unipo¬ 
tent orbits such that either integral (1731) or integral (174)) satishes the dimension identity (IHTj) . 
The list of the unipotent orbits and their stabilizers can be found in 0 . We only consider 
those orbits whose stabilizer contains a nontrivial reductive group. The dimension of Ua or 
U'^, which is half of the dimension of the corresponding unipotent orbit, can be found in 
|C-M] page 128. 
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4.1.1. The Unipotent Orbits Cs and B^. For these orbits the stabilizer is a group of type 
Ai. Thus the representation a is dehned on that group, and hence dim cr = 1. Since the 
dimension of the two orbits is 42, then ^dim O = 21. Hence we look for representations £ 
such that dim = 21 + 1 = 22 . 

4.1.2. The Unipotent Orbit C' 3 (ai). The stabilizer is a group of type Ai. The dimension 
of this unipotent orbit is 38, and hence ^dim O = 19. Thus dim = 19 + 1 = 20. 

4.1.3. The Unipotent Orbit A 2 + Ai. The stabilizer is a group of type Ai, and the 
dimension of ^dim O is 18. We have dim = 18 + 1 = 19. 

4.1.4. The Unipotent Orbit B 2 . The stabilizer is a group of type Hi x Hi. The dimension 
of ^dim O is 18, and hence dim = 18 + 2 = 20 . 

4.1.5. The Unipotent Orbit H 2 + H 1 . The stabilizer is a group of type Hi. The dimension 
of idim (9 is 17. Hence dim = 18. 

4.1.6. The Unipotent Orbit H 2 . Here the stabilizer is the exceptional group G 2 . The 
dimension of |dim O is 15. Cuspidal representations a on G 2 (A) can be generic, and in this 
case dim a = 6 , or, if not generic, they are associated to the unipotent orbit ^ 2 ( 01 ). In this 
case dim cr = 5. Thus, there are two cases to consider. The first is dim S = 21, and the 
second dim S = 20. 

4.1.7. The Unipotent Orbit H 2 . Here the stabilizer is a group of type H 2 . The dimension 
of |dim O is 15, and hence dim S = 18. 

4.1.8. The Unipotent Orbit Hi + Hi. The stabilizer is a group of type Hi x Hi. As 
idim (9 = 14 in this case, then dim S = 16. As it follows from |C-M] there is no unipotent 
orbit whose dimension is 32. Hence we do not expect that a suitable S will exist in this case. 

4.1.9. The Unipotent Orbit Hi. The stabilizer is a group of type H 3 , the dimension of 
^dim O is 11, and hence dim = 11 + 6 = 17. 

4.1.10. The Unipotent Orbit Hi. Here the stabilizer is the group Sp^. Cuspidal repre¬ 
sentations on Spe can be attached to one of the unipotent orbits, ( 6 ), (42) or (2^). Their 
dimensions are 9, 8 and 6 . The dimension of |dim O is 8 , and hence we expect dim S = 17,16 
or 14. As mentioned above we do not expect that a representation of dimension 16 exists 
for the group F 4 . 
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4.2. How to Compute Descents. In this subsection we give some general remarks on 
how to compute a descent integral. More precisely, a typical computation of a descent 
construction consists of two type of computations. The first is the computation of all constant 
terms of the representation a corresponding to unipotent radicals of maximal parabolic 
subgroups of H, and the second is a computation of a certain Fourier coefficient. The first 
computation is done to determine conditions when the descent is cuspidal, and the second 
is done to determine when the descent is nonzero. Usually, the computation of the constant 
term is harder since it involve many unipotent orbits. In this Section we will only consider 
the computation of a certain Fourier coefficient of the descent. However, we will say a few 
words on the computation of the constant terms at the end of the next subsection. 

Let O he a unipotent orbit, and let S be an automorphic representation defined on the 
group F 4 (A). The group U'^ was defined for unipotent orbits whose diagram contains nodes 
labelled with the number one. It is convenient to extend the definition of the group U'^ to 
unipotent orbits whose diagrams contain nodes labelled with zeros and twos only. In this 
case we denote = U^. In this way we defined the group for all unipotent orbits. 
From the discussion in the previous subsections, we are led to consider integrals of the type 

(82) J j E{uvh)'ipjj^ui^{u)'ipv{'v)dvdu 

V(F)\V{A) U'^(F)\U'^{A) 

The group U is a certain unipotent subgroup of the stabilizer of the character The 

character is a character, possibly the trivial one, of the group V{F)\V{A). 

4.2.1. Unipotent Orbits and Torus Elements. It is convenient to express things in more 
generality. Let G be an algebraic reductive group, and let Oq denote a unipotent orbit for 
G. As explained in Section 2 for the group G = F^, and in imi for an arbitrary classical 
group, to this orbit we associate a unipotent subgroup U{Oc) of G, and a set of characters 
'^u{Og),uo of this group. Here mq is an element in the unipotent orbit Oq which defines the 
character. Given an automorphic representation £ of G, we shall denote by Og,uo{^) the 
Fourier coefficient given by 

(83) f{h) = j F{uh)i)u{OG),uo{u)du 

U{Og){F)\U{Og)(A) 

If iL is a reductive group contained in the stabilizer of this unipotent orbit, then the function 

f{h) is an automorphic function of H{A). Let (^{S) denote the automorphic representation 

of H{A) generated by all the functions f{h) in ([83]). If a is an arbitrary automorphic 

representation of H, then given a unipotent orbit Oh, then as for the group G, we shall 
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denote by Oh^vo(^) the Fourier coefficient 

V(Oh)(F)\V(Oh)(A) 

Here V{Oh) is the unipotent subgroup of H which correspond to the unipotent orbit Oh- 
Similarly, 'iPv(Oh),vo the character attached to a representative Vq of this orbit. 

One of the goals of the descent method is to compute the integral 


(84) 


f{v)^pviOH),voiv)dv = 


V{0h){F)\V{0„){A) 


E{uv)'ipuiOG),uo {u)'ipvio„),vo {y)dvdu 

V(Oh){F)\V{Oh){A)U{Og){F)\U(Og){A) 

This is a certain Fourier coefficient defined on an automorphic function E which lies in the 
space of a representation 8 of the group G(A). We shall denote it by Og,uo{^) °OH,vo{cr{8)). 
Thus, the goal is to express this Fourier coefficient in term of Fourier coefficients attached to 
unipotent orbits of G. However, it is possible that we will also obtain some constant terms 
in the course of this computation. Let P = MU denote a parabolic subgroup of G. The 
constant term 

E^{m) = j E{um)du 

U(F)\U{A) 

defines an automorphic representation of M(A). We shall denote this representation by 8 ^. 
If Om is a unipotent orbit of M, we shall denote by CTg,p[Om,Io{^^)] fhe Fourier coefficient 



L{Om){F)\L{Om){A) 

Here L{Om) is the unipotent subgroup of M which correspond to the unipotent orbit Om- 
Thus, to express integral fIMl) in term of Fourier coefficients attached to unipotent orbits of 
G, and to Fourier coefficients associated with constant terms along certain unipotent radicals 
of some parabolic subgroups of G, is to determine an identity of the type 



(85) Oc,..(£) ° OH,»(ff(£)) = YjFihJF) + ,,{£")] 

i j 

In words, the goal is to express the Fourier coefficient defined by integral (l84D . as a sum of 

two type of integrals. The hrst term is a sum of Fourier coefficients which corresponds to 

unipotent orbits of the group G. Thus, we want to determine the precise unipotent orbits 

Oi appearing in the first sum. The second term on the right hand side of equation (1851) is a 

sum of constant terms corresponding to unipotent radicals of certain parabolic subgroups of 
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G. In this case we need to determine which parabolic snbgronp are involved, and also what 
are the nnipotent orbits of the gronp M which are involved. 

The identity fl5S]l is completely formal in the sense that it does not require any information 
on the representation £. From this point of view, this identity can be viewed as a formal 
identity dehned on the level of nnipotent orbits only. 

To make things clear we consider an example in the group Sp^. We refer the reader to 
|G-R-S 6 j for notations. In |G-R-S2j the descent map from GL 2 n to Sp 2 n was introduced. To 
do that one uses an automorphic representation of Sp^n which is dehned as a residue of a 
certain Eisenstein series. Consider the more general case of the descent when n = 1. Thus 
we consider the following integral 


/ 


( 86 ) f{g)= j 0^p^^{{r,x,y)g)E 

(F\A)2 


/I 


X 


y \ 

X 

—r 

1 




dxdydrdg 


Here fd ^ F* and E is a vector in some automorphic representation S of Sp^lA). Thus f{g) 
is an automorphic representation of SL 2 {A). We denote by (^{S) the representation of this 
group generated by all functions f{g)- To study when it is nonzero, we compute the integral 


/ l) 

F\A 


where 7 G E*. As stated above, integral (17^ is zero for all choice of data if and only if 
integral fl76D is zero for all choice of data. For the group 5 *^ 4 , this was proved in |G-R-S3j . 
For the group Sp^ the analogues to integral (1761) is the integral 


(87) 



F\A (F\A)2 


/ 

/l X y\ 


/I \ 

\ 


1 X 


1 



1 


1 


V 

1 V 


^ V 

/ 


tl^i^fdy + '-)z)dxdydz 


Here 7 G {F*Y\F*. The x, y integration, which in the notation of integral fl82|) correspond to 
the group is a Fourier coefficient corresponding to the nnipotent orbit of Sp^ associated 
with the partition (21^), and the z integration is the Whittaker coefficient of cr(£(), defined on 
SL 2 {A), and hence is associated with the nnipotent orbit (2). Thus, in the above notations, 
the left hand side of fl85l) is {21"^) 13 {£) o ( 2 )^^^ ^(cr(£()). As explained in |G 1 ] . the above 
integral corresponds to the nnipotent orbit of 5^4 associated with the partition (2^). Thus, 
equation (l85i) is given by 


(21 )sp 4 ,i 3 {^) ° ( 2 ) 5 / 2 , 7 (‘^(^)) ~ )sp 4 ,y,'r{^) 
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( 88 ) 





















(F\A)3 


V 


ijj{x)dxdydz 


It follows from EB that the unipotent orbit (2^) is associated with elements /9 ,7 G {F*y\F*. 
The above identity is all we can say when /3 and 7 are in general position. However, it is of 
interest to notice that when fd'y = —e^ for some e G F* then this identity can be written in a 
different form. Indeed, when /dy = —e^, one can hnd an element in Sp 4 {F), which depends 
on (3 and 7 , such that the above integral is equal to 

/l X y\ 

1 z X 
1 

V 

Here is the right translation of the vector E by this discrete element. See |G-R-S2j page 
880 for some details. Let w denote the Weyl element of S'p 4 dehned hy w = ei^ + 62,3 — 
63,2 + 64 ^ 4 . Here is the matrix of size four which has a one at the (f, j) entry, and zero 
otherwise. Since w G Spi{F), then E{g) = E{wg). Hence, the above integral is equal to 


'il){x)dxdydz 


Performing some Fourier expansions, one can show that the above integral is equal to 



/ 

(lx y \ 

\ 



1 


J -^/ 3,7 


z 1 —X 

w 

(F\A)3 

v 

\ 1 

/ 


E 


(5eF* 



E^^^\m{x)t{z)w)'il){x)dxdz 


j Efj^.^{rt{z)w)i)R^5{r)drdz E 

R{F)\R{A) A F\A 

Here t{z) = I 4 + 2 : 63,2 and m{x) = I 4 + a;(ei ,2 — 63 , 4 ). Also, the group R is the maximal 
unipotent subgroup of Sp^, and 'ipR^s is the Whittaker character of R dehned as follows. Write 
r G i? as r = a:i(ri)a; 2 (r 2 )r'. Here Xi(ri) =14 + ri(ei ,2 — 63 , 4 ) and Xi{r 2 ) = RE ^" 262 , 3 . Then 
we dehne Rr^sR) = ip {ti E dr 2 )- Finally, the group P is the maximal parabolic subgroup of 
S'p 4 whose Levi part is GL 2 , and we denote by U{P) its unipotent radical. 

Ignoring the integration over the z variable, then in the notation of fl85ll . when fdy = —e^, 
this integral identity is given by 


(89) (21^)s„,s(f) o (2)s,J'yX)) = 

S&F* 

We conclude that for some choice of unipotent elements mq and vq, there is more than one way 

to write the identity ([85]). Experience indicate the following. There is a general expression 

for identity (1851) which holds for all values of Uq and Vq, and all representations £. However, 

in some cases, there is a closed condition on uo and vq which will yield another identity. This 

is important once we specify the representation S. 

As an example to this phenomena, consider the group Sp 4 , and the above two identities 

(1881) and fl 8 ^ . Let r denote an irreducible cuspidal representation of GL 2 {A) with a trivial 
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central character, and such that L(r, 1/2) 7 ^ 0. Let ET-{g,s) denote the Eisenstein series of 
Sp 4 {A) associated with the induced representation In(fp^^\6p. The group P was dehned 
right before identity (15^ . From the assumptions on r it follows that this Eisenstein series 
has a simple pole at s = 2/3, and we denote by £r the residue representation at that point. 
In |G-R-S2j integral fl 86 |) was used to construct the descent map from r to an irreducible 
cuspidal representation of SL 2 {A). The proof of the nonvanishing of the descent used identity 
(l89|) . Indeed, it is proved in |G-R-S2j that the hrst summand on the right hand side of 
is zero and the second term is not. From this it was proved in |G-R-S2] that the descent 
given by integral (l 86 |) is not zero. 

We may also consider the descent construction given by 0861) where we take to be a non¬ 
generic cuspidal representation of 5*^4(A). In this case all constant terms are zero. Since S 
is not generic, we obtain for such representations that the right hand side of (l 8 ^ is zero for 
all choice of data. Thus, equation (15^ cannot be used in this case. Nevertheless, we can 
use equation fISSD to deduce the nonvanishing of integral fl5B]l . Indeed, it is not hard to show 
that given any automorphic representation of Sp^i^A), there exist /3 and 7 as above, such 
that integral flHTl) is not zero for some choice of data. 

Going back to the general case, one looks for a way to produce expansions of the form 
(l85|) . To do that we will use the following approach. As in [G-M] . to any unipotent orbit, one 
attaches a one dimensional torus in the group G in question. ( The notations we use are as in 
EH). For example, the group Sp^ has three nontrivial unipotent orbits. They are (4), (2^) 
and (21^). The corresponding one dimensional tori are h( 4 )(t) = diag (t^, t, h( 22 )(f) = 

diag and h( 2 i 2 )(t) = diag (t, 

Suppose that we start with a unipotent orbit Oq, and let 'ipuiOG),uo be a character of the 
unipotent group U{Og)- Let H be as dehned right before equation fIMl) . and suppose that 
Oh is a unipotent orbit of H. See (l84)) for notations. Let hp^it) denote the one dimensional 
torus of G attached to Oq, and let ho^it) denote the one dimensional torus of H attached 
to Oh- We view houif) as a sub torus of G via the embedding of H in G. Thus, the product 
h{t) = is a well dehned one dimensional torus of G. Assume that there is 

a unipotent orbit Oq of G such that h(t) is conjugated by a certain Weyl element to the 
torus ho'^it). Gonjugating in flHTl) the argument of the function E by this Weyl element, 
will transform the integral (| 8 T|) into an integral over a unipotent subgroup of U{Oq). Then, 
using some Fourier expansions together with possible other conjugations, one can produce a 
formula of the type fl 8 ^ . At this point, we dont know of a general method that will predict 
the unipotent orbits and the constant terms which appear in equation flHSD . As can be seen 
from fl 88 l) and fl 8 ^ . the decomposition can be diherent if we vary the elements uq and vq. 
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As an example to the above argument, consider the above composition ( 21 ^) o ( 2 ) in 
S'p 4 . Here, to simplify the notations, we omitted several of them. We have h(' 2 i 2 )(t) = 
diag (f, The torus element which corresponds to the partition (2) in SL 2 is 

diag When embedded into Sp^, this torus corresponds to h(t) = diag (l,f, 

Thus we obtain h( 2 i 2 ){t)h{t) = diag (t,f,which is equal to h( 22 )(f). Hence we dont 
need any conjugation here. The equation that we get is then (21^) o (2) = (2^). But one 
has to remember that in certain closed conditions on the characters, one can derive another 
identity for this composition. 

As an another example, consider the product (2^) o (3) in Sp^. It follows from |C-M] 
that the reductive group in the stabilizer of the unipotent orbit ( 2 ^) in Sp^ is the group 
SO^. Since we consider only the split stabilizer, the group SO^ contains a one dimensional 
unipotent subgroup, and if we compute its Whittaker coefficient, we are considering the 
unipotent orbit (3). Thus, the composition (2^) o (3) corresponds to the integral 


(90) 


E 


F\A MatO{F)\Mat°iA) 




tlji{X)'ilj2{y)dXdy 


Here Mat^y.^ = {r E : J^r + r* J 3 = 0} and 


^3 = 




/l y * \ 
m{y) = ( 1-2/1 


The star indicates that the matrix is in SO 3 . Also, we dehne 'ipiiX) = + ^ 2 , 2 ), and 

2 /'(m 2 (2/)) = 2 /’( 2 /)- We remark that this is not the general character which is associated to 
this unipotent orbit, such that the stabilizer is the split SO 3 . The general one is given by 
X I—)■ + ( 3 x 2 , 2 ) where (3 E {F*)‘^\F*. However, the stabilizer in each case is the same 

up to an outer conjugation, and hence the formulas are the same. 

Before conjugation, it will be convenient to transfer integral fl90|) to another integral using 

the process of exchanging roots. See subsection 2.2.2. In the above integral we replace the 

one dimensional unipotent group Iq + X 3 ,ie 3,4 in the X variable by Jg + 2 / 3 ( 61,3 ~ 64 , 6 ) and 

then Jg + 0:2,1(62,4 + 63,5) in the X variable by Jg + 2 / 2 ( 62,3 — 64,5). More precisely, we expand 

integral (l90|) along the unipotent group /eT 2/2(62,3 — 64,5) +2/3(61,3 — 64,g). Then we conjugate 

by a suitable discrete element in S'pg(F) and then perform a collapsing of summation with 
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integration. Thus, integral fl 90 |) is equal to 




/I vi y 2 \ 


/I Xi X2 XsX 




CO 


1 X4^ X 2 


/ / ^ 


1 

1 4= * 


1 Xi 

1 

^(+,^2) 

A2 (F\A)7 


1 * 


1 




V 1 y 


V ij 





Here l{zi, Z2) — Je + ^1(62,4 + 63,5) + ^263,4- 

It follows from |C-M] that h{2i){t) = diag {t,t,t,t ^,t ^,t ^). We also have h(3)(f) = 
diag (f^, 1,1,where the last torus element is the corresponding torus element 
in SO3 as embedded in Sp^. Thus, the product of these two tori is given by h{t) = 
diag (t^ Consider the Weyl element w of Spe given by Wi^i = W2 ,a = 
^3,2 = W4,5 = WQfi = 1 and 1^5,3 = — 1 . Then wh{t)w~^ = diag and this 


torus is equal to h(42)(t). 

Since w G Spq{F), the above integral is equal to 


E{m{yi, Xj)wl{zi, Z 2 ))^Piyl + 2/2 + X 5 )d{...) 


A2 (F\A)7 


where 


/i yi 2/2 \ 


/i Xi X2 X3\ 

1 


1 X4^ X2 

1 


1 X3 X4 Xi 

1 -y2 


1 

1 -yi 


1 


V 1 / V 1/ 

Next we expand the above integral along the unipotent group 1 {xq) = Iq + 0:662,5. We obtain 



E{m{yi, Xj)l{xe)wl{zi, Z2))'ipiyi + y2 + X 5 + l3xe)d{...) 


Partition the sum in the above integral into two summands. First, consider the case when 
fd ^ E*. In this case, it follows from EH that for each fd, the corresponding Fourier coefficient 
is associated with the unipotent orbit ( 42 ). When /3 = 0 we can further manipulate the 
integral. Indeed, conjugation by s = Je — 62,3 + 64,5 G Spq{E) we obtain the integral 


E{m{yi, Xj)l{xQ)swl{zi, Z2))'ip{y2 + X5)d{...) 

A2 (F\A)8 

Conjugating by a certain Weyl element, and using further Fourier expansions, we can show 

that this integral is a sum of two terms. The first corresponds to the Whittaker coefficient 
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of the function E, and the second to a certain constant term. We omit the details. Thus we 
obtain the formula 


(91) (2^)sp6 ° (3 )s03 - X] (42)5pg,/3 + ^ (6)sp6,a + ^'^SpeAi^)sp4\ 

/3£F* aeF* 


We close this subsection with two remarks. The hrst one is concerning the dimensions of 
the orbits and the representations in question. Recall that in considering possible descent 
constructions we required a certain dimension formula to hold. This was equation flHTD . given 
by 


dim S 


-dim O + dim a 
2 


For the descent to be nonzero, the representation S should support a nontrivial Fourier 
coefficient with respect to the unipotent orbit occurring in the left hand side of fl85l) . However, 
the dimension of the unipotent integration which occurs in integral fl 8 T|) is dim U{Og) + 
dim V{Oh)- By dehnition this number is equal to Idim Og + dim a. This motivates to look 
for those representations S of G(A) which satishes the following. First, that Og{A is equal 
to a unipotent orbit corresponding to one of the summands occurring on the right hand side 
of (|85ll . Second, we require that the representation does not support any Fourier coefficient 
which corresponds to any other term which occurs on the right hand side of fl85l) . 

To illustrate this consider the above two examples in the symplectic group. First, the 
Sp 4 case. Notice that dim ( 21 ^) 5 ^^ = 4; dim ( 2 ^) 5 ^^ = 6 and dim {2)sl2 = 2. Hence 
dim £ = Idim {2l‘^)sp^ + dim a = 2 + 1 = 3. Hence we look for those representations such 
that Osp 4 ,{£) = (2^). This can work if we use equation (j 88 ll . However, if we want to use 
equation (j89]), then we need to assume also that the representation £ is not generic. In the 
Fpe case the situation is as follows. The sum of the half of the dimensions of the unipotent 
orbits which occur in the left hand side of fl^T]) is 6 + 1 = 7. However, half of the dimension 
of (42)5pg is eight and of ( 6 ) 5 pg is nine. Hence the only way to get a term on the right 
hand side of fl9Tl) whose half of the dimension is seven is to look for a representation £ of 
Spe{A) such that it has no nonzero Fourier coefficient associated with any representative of 
the orbits (42) and ( 6 ), such that the integral associated with CTsp 6 ,p[{^)sp 4 \ is not zero. It 
is not clear if such a representation exists. 

The second remark concerns the cuspidality of the descent. The goal is to compute integral 

flM)) where the group V{Oh) is a constant term, and the character 'ipviOH),vo is fhe trivial 

character. Then, instead of the left hand side of flH^ . one should compute Og,uo{A ° 

CT{<j{£)). By that we mean that one should express this convolution as a sum of unipotent 

orbits of G and certain constant term of the representation involved. Experience indicates 
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that at least one of the terms will involve a constant term of the group G, but so far we 
cannot indicate which one, and we also cannot predict in general the other terms. 

4.2.2. Unipotent Orbits and Torus Elements for F 4 . In this subsection we determine 
the one dimensional torus element attached to a given unipotent orbit of F 4 . 

Recall from subsection 2.2 that we can partition the set of roots in the group Ga as 
follows. As in that subsection, we will say that a root a is in the unipotent group Ua, if the 
one parameter unipotent subgroup {xQ,(r)} is a subgroup of Ua- For all n > 1, we dehned 
U'^in) = {a = ^ ~ extend this notation and write 

Ga( 0) for all positive roots in the Levi part of the parabolic group Pa- Let hoit) denote the 
one dimensional torus of F 4 with the property that for all a G we have 

(92) ho{t)xa{r)ho{t)~^ = Xa{Pr) 

It follows from the Bala-Carter theory that such a torus exists. For details in the classical 
groups see |C-Mj . To compute this torus in F 4 , let ho{t) = Then, given a 

root a G equation fl9^ reduces to the equation Yl!i=i < ct; ct* >= Here <«,«*> 

is the inner product between the root a and the simple root a*. It is easy to solve these 
equations in general, and the solution can be derived form the following 4 identities 

n = ^ 0 ( 2342 ); r2 = ri + 2r4 - ^ 0 ( 1122 ); rg = + ^c»(1242)); r4 = ^o(1232) 

Here, for a positive root a G U'Aiji), we define ^c>(a) as follows. Let a = ^ njOj and suppose 
that the diagram of O is given by 

ei €2 es ^4 

— — — —0^2-^-^3 — — — —^4 

Then we dehne Go{c() = 

As an example consider the unipotent orbit O = B 2 - Its diagram is 

0 - 0 ==>== 0 - 0 

Hence ^o(2342) = 2 ■ 2 + 1 ■ 2 = 6 and ^o(1122) = ^o(1242) = ^o(1232) = 4. Thus, 
ri = 6 ;r 2 = 10; = 7] = 4 and hs^it) = h{P, f. 

We list the set of all 15 tori elements in F 4 : 

1 ) hAiit) = 

2 ) h^^{t) = h{P,t\P,P). 

3 ) 

4 ) hA.,{t) = h{P,P,P,P). 

5 ) h^^{t) = h{P,tM^P). 

6 ) /iA 2 +Ai(^) = 

7 ) hB^it) = 
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8 ) 

9 ) hc3iai){t) = 

10 ) hF4a3){t) = 

11 ) hs^it) = h{t^^,t^^,t^‘^,t^). 

12 ) hcsit) = 

13) hF^{a2){t) = 

14) hF^{ai)it) = 

15) hFi{t) = t^®). 

4.3. Conditions for Cuspidality and Nonvanishing of the Descents. In this subsec¬ 
tion we shall work out the global setup in some of the cases mentioned in subsection 14.11 
The choice is partly random and partly motivated by considering examples we think to be 
of some interest. More precisely, our concern is to give in each case conditions when the 
descent is cuspidal and when it is not zero. To do that we compute integral fIMl) in the case 
when it is a Fourier coefficient corresponding to the relevant unipotent orbit, or when the 
integration over V represents a constant term along a certain unipotent radical of a maximal 
parabolic subgroup of H. Therefore, the precise starting integral, whether it is integral fl73|) 
or fl74p will not be important to us, hence we ignore it. For our goal, it is enough to indicate 
in each case the group and the character 'ipu,UA- 8 ee integral flH^ for notations. We will 
express the answer in terms of the notations used in equation fl85|) . 

Since the question of cuspidality and of the nonvanishing is a statement of certain integral 
being zero for all choice of data or not, it will be convenient in many case to ignore adelic 
integration which occurs during the computations. Indeed, when performing root exchange, 
as explained in subsection 2.2.2, we relate a certain Fourier coefficient with a certain integral 
which involves adelic integration. However, in all cases one can easily prove that one integral 
is zero for all choice of data if and only if the other one is zero for all choice of data. For our 
purposes that is enough. In some cases we will still write the equation fl 8 ^ . but we mean 
that the left hand side is zero for all choice of data if and only if each term on the right hand 
side is zero for all choice of data. 

4.3.1. The Unipotent Orbit C 3 . The construction of the unipotent group U'^ and the 

characters 'ipu,UA were described in Section 2. In this case the group U'^ is as follows. Let U 

denote the unipotent radical of the parabolic subgroup of F 4 whose Levi part contains the SL 2 

generated by {x±oioo}- Thus, U = Ua 2 and dimf/ = 23. Let U'^ denote the subgroup of U 

which consists of all one dimensional unipotent subgroup {xa{r)} where a is a root in U which 

does not include the roots (0010) and (0110). Thus dimU^ = 21. We dehne the character 

as follows. For u = a:oooi(’^i)a;iiio(’^ 2 )a;oi 2 o(’^ 3 )M' dehne tpu,ui^{u) = '0(ri + r 2 + n). ( 
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See subsection 2.1 for notations). Thus, the group SL 2 =< x±oioo(’^) > is in the stabilizer 
of 'ipu,UA- To simplify notations, we shall denote the group U'^ by V, and the character 'ipu,u^ 
by i>v. 

This diagram associated with this unipotent orbit contains nodes which are labelled with 
ones. Hence the construction we use is fl7i|l . Let a denote the representation dehned on 
SL 2 {A) which is obtained by integral (171)) . This copy of SL 2 splits under the double cover 
of the relevant symplectic group. We look for conditions when a is cuspidal and when it is 
not zero. We start with the nonvanishing. Thus, we compute 

E{vxQioQ{r))ipv{v)ip{ar)drdv 

F\A ViF)\V{A) 

where a G F*. In the notations of integral (I51)) . we have V{Oh) = {a;oioo(^)} and V{Og) = 

H. 

Notice that for this orbit we have hc^{t) = t®). Also, from the embedding in 

F 4 of the group of type Ai, which is inside the stabilizer of this orbit inside F 4 , we deduce that 
its maximal torus is 1, !)• Thus the product of the two tori gives hc 3 {t)h{l,t, 1,1) = 

t®) = hp^(^a 2 )ii)- Thus we expect to obtain the orbit ^ 4 ( 02 ) in the expansion, 
and we dont need any conjugation by some Weyl elements. 

We expand along the unipotent group {a;oiio(’^)}- The above integral is equal to 

(93) Y. J F{vxono{'l^)xolooi'l^))' 4 ’v{'v)^p{ar + 'ym)drdmdv 

ViF)\V{A) 

Since the function F is automorphic, then for all 7 G F we have F(h) = F{xiooo{'y)h). Using 
that, and conjugating xiooo( 7 ) to the right, integral (|^ is equal to 



(94) j j F{viXioQo{r))'ipv^^a{vi)drdvi 

A Vi(F)\Vi(A) 

In the derivation of the above integral we also collapsed the summation over 7 with the 

suitable integration. Here Vi is the unipotent radical of the parabolic subgroup of T 4 whose 

Levi part contains SL 2 x SL 2 which is generated by < x±iooo (?")5 a^±ooio(’") >■ In other 

words, Vi = Uai,a 3 , and hence dimVi = 22. The character ^|JVl,a is dehned as follows. For 

vi = Xoooi(?^i) 2 :iiio(?^ 2 )(Coi 2 o(?^ 3 ) 2 :oioo(?’ 4 )nj let = 'ip{ri + r 2 + r 3 + ar 4 ). It follows from 

Section 2 that the Fourier coefficient along Vi corresponds to the unipotent orbit ^ 4 ( 02 ). 

Arguing as in [Ga-Sj . integral flMl) is nonzero for some choice of data if and only if the 

Fourier coefficient along Vi is not zero for some choice of data. From this we conclude that 

the representation a is not zero if and only if the representation S has a nonzero Fourier 
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coefficient corresponding to the unipotent orbit ^ 4 ( 02 ), which corresponds to the character 
'ipVua- 

To study when a is cuspidal, we consider the constant term along the unipotent radical 
of the Borel subgroup of the group SL 2 . Thus, we need to compute the integral 

J j E{vxQiQo{r))'4)v{v)drdv 

F\A ViF)\V{A) 

Let Vi denote the unipotent group generated by V and {xoioo(^)}- Since E is automorphic, 
we obtain E{h) = E{w[3124:321]h). Conjugating the above integral by this Weyl element, 
the above integral is equal to 

(95) III E{uiU2lwo)'ipu-i^{ui)duidu2dl 

L(F)\L(A) U2(F)\U2{A) Ui(F)\Ui{A) 

Here Ui is the maximal unipotent subgroup of Sp^ as embedded inside a Levi part of a 
maximal parabolic subgroup of T 4 . The character is the Whittaker character of Ui. 
In other words, V’( 7 i(wi) = 'fp{xoioo{ri)xooio{r 2 )xoooi{r 3 )u[) = + rs + rg). The group 

U 2 is the unipotent subgroup of F 4 generated by all {xa{r)} where a is a root in the set 
{(1122); (1221); (1231); (1222); (1232); (1242); (1342); (2342)}. Thus dimf /2 = 8 . The unipo¬ 
tent group L is generated by all one parameter unipotent subgroups {xa{r)} where a is a 
root in the set { — (1000);—(1100);—(1110);—(1120);—(1111)}. The dimension of L is 5. 
Finally, we denoted wo = tc [3124321]. 

Next we consider a series of root exchange in integral fl95ll . ( See Section 2). We hrst 
expand along {xi 22 o{^)}- Thus integral fl95l) is equal to 


( 98 > J T, J J I E{xi22o{r)uiU2lwo)'tpUi{ui)ip{'-ir)duidu2drdl 

L{F)\L(A) '^^^F\AU2{F)\U2(A) UiiF)\Ui(A) 

Using the fact that E is automorphic we have E{h) = E{x_(^ii 2 o){'y)h). Conjugating this 
element to the right, changing variables, and collapsing summation with integration, integral 
is equal to 


(97) J J J J E{uiU3liX_^u2o){'m)wo)'ilJui{ui)duidu3dlidm 

A Li(F)\Li(A) U3{F)\U3(A) UiiF)\Ui{A) 

Here t /3 corresponds to the unipotent group generated by all {xa{r)} where a is a root in 
the set 

{(1220; (1122); (1221); (1222); (1231); (1232); (1242); (1342); (2342)} 

The group Li is generated by all one dimensional unipotent subgroups {a:Q,(r)} where a is 

a root in the set { — (1000);—(1100);—(1110);—(1111)}. We repeat this process two more 
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times. First we expand along the nnipotent gronp { 0:1121 (r)} and nse for that the nnipo- 
tent gronp {a:_(iiii)(m)}. Then we expand along the gronp {o:ii 2 o(?")} and nse the gronp 
{x_(iiio)(m)}. Thns, integral fl^ is eqnal to 


(98) 


E{uiUil2ZWQ)'ilJu^ {ui)duiduidl2dz 


Z{A) L2{F)\L2{A) U4{F)\U4{A) Ui{F)\Ui{A) 

Here, the gronp U 4 is generated by all {xa{r)} such that a is a root in the set 


{(1120); (1121); (1220); (1122); (1221); (1222); (1231); (1232); (1242); (1342); (2342)} 


The group L 2 is generated by all {a:a(r)} such that a is a root in the set { — (1000); —(1100)}, 
and Z is generated by all {^^(r)} such that a is a root in the set { — (1110); —(1111); —(1120)}. 
Arguing as in [Ga-Sj . integral (|98|1 is zero for all choice of data, if and only if the integral 


(99) 


E{uiuj2)'ipUi {ui)duiduidl2 


L2(F)\L2{A) Ua{F)\Ua{A) Ui{F)\Ui{A) 


is zero for all choice of data. Next we expand integral fl99|) along the nnipotent subgroup 
{(Ciiii(r)}. Thus, integral (|99ll is a sum of two integral. The hrst is the contribution to 
fl99l) from the nontrivial orbit. In this case, after conjugation by the Weyl element tc[21], it 
follows from the description of the nnipotent orbits given in Section 2, that the expansion 
obtained is a Fourier coefficient which corresponds to the nnipotent orbit ^ 4 ( 01 ). We denote 
this integral by Ji. The second integral, denoted by I 2 , is the contribution from the constant 
term. In this case we proceed as above. We expand along the nnipotent group {a::iiio(r)} 
and use the nnipotent group {x_(iioo)(? 7 i)}, and then expand along {a::iioo(^")} and use the 
group {a:_(iooo) (n^)}- Thus, integral I 2 is zero for all choice of data if and only if the integral 


( 100 ) J j E{uiUil2)'tpuAui)duidu^ 

U5{F)\U5{A) Ui{F)\Ui{A) 

is zero for all choice of data. Here f/5 is the nnipotent group which is generated by U 4 and 
{(Ciioo(?"i)(Z(iiio(?" 2 )}- Finally, we expand (llOOh along the nnipotent group {a;iooo(^")}- There 
are two cases. The first, corresponds to the nontrivial orbit, produce a Fourier coefficient 
which is associated with the nnipotent orbit E 4 . The other case, which corresponds to the 
constant term, contributes the integral 

( 101 ) J E^^'^^\ul)^/JuAiul)dul 

Ui{F)\UiiA) 

Here U{C'i) = Ua 2 , 03,04 ■, and denotes the constant term of E along U{Cs). We 

summarize, 
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Proposition 23 . Let £ denote an automorphic representation of Fi{A) such that: 

1 ) The representation £ has no nonzero Fourier coefficients associated with the unipotent 
orbits -^4(01) and F4. Also, integral fllOip is zero for all choice of data. 

2 ) There exists an a & F*, such that the representation £ has a nonzero Fourier coefficient 
associated with the unipotent orbit -^4(02) which is given by integral fIMl) . 

Then the representation a is a nonzero cuspidal representation of the group SL2{A). 


It follows from the above that identity fl 8 ^ can be described in this case by 


Here a G {F*f\F*. 


° ( 2 )a — -^4(02)0 


4.3.2. The Unipotent Orbit We consider the descent construction which is obtained 
from the unipotent orbit In this case, the group U'^, and the character given in 

integral fl73l) are as follows. The group U'^ is the unipotent radical of the parabolic subgroup 
of F 4 whose Levi part contains the group SL^, generated by < x±(ooio)(?"),3:±(oooi)(?") >• 
Thus, U'^ = Ua 3 ,a 4 - To define the character 'ipu,u^, write u = xoiii{ri)xoi2oij'2)xiQOQij'^)u'. 
Then = fj{ri + r 2 + r^). The stabilizer of in the above copy of S'Ls is the 

group SO^. For short we write V for U'^ and xfv for fJu^uA- Thus, integral (1751) produces an 
automorphic representation a on S' 03 (A). We have hs^it) = h{t^^,t^^,t^‘^,t^). The maximal 
torus of SO 3 is given by h{l, l,m,m) where m G F*. Hence, the maximal torus of SL 2 as 
embedded in SO 3 is given by h(l, 1,t^). We have hB 3 (t)h(l, 1,f®). 
Conjugating this torus by W 2 we obtain hp^(^a 2 )if) = h{F^,t‘^^,t^‘^,t^). Thus we expect to get 
the unipotent orbit ^ 4 ( 02 ), after a suitable conjugation by a Weyl element. The maximal 
unipotent subgroup of SO 3 is embedded in F 4 as j(r) = xooio(?’)a^oooi(hH)^ooii(h 2 ^) where 
T]i are some fixed elements in F* determined so that j{r) stabilizes the character -ipy 
The integral we need to compute is given by 


(102) J j E{vj{r))f){ar)f)v{v)drdv 

F\A V{F)\V{A) 

where a = 0,1. Thus, if a = 0 we compute the constant term of a, whereas if a = 1 we 
compute the Whittaker coefficient of a. 

In both cases we start with two root exchanges as explained in subsection 2.2.2. First 

we perform a Fourier expansion along the unipotent group {xooii(? 2 ^)} and exchange it by 

{xoioo(0}- Then we repeat this process with the roots (0001) and (0110). In the case when 

a = 1 we also exchange (1100) by —(0100). Assume that a = 1. Then when we conjugate 
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the above integral by ta[32], we obtain as inner integration the integral 


(103) J E{u)'ipu{u)du 

Uot-^ ,0:3 {^FY\Uot-^ ,013 (-A.) 

where ijju is dehned as follows. Write u G as m = 0 : 0001 (^ 1 )^ 0100 (^ 2 ) 3 ^ 0110 (^ 3)^1120 

Then i/’c/(m) = 'ip{ri + r2 + + r^. It follows from subsection 2.2.1, that this Fourier 

coefficient corresponds to the unipotent orbit ^ 4 ( 02 ). Also, it is not hard to check that this 
integral is zero for all choice of data, if and only if integral 01021 ) is zero for all choice of data. 

The case when a = 0 is done in a similar way as in the case of the unipotent orbit C^,. 
After performing the above two root exchange, we conjugate the integral by wq = ^[432132], 
and we obtain that integral 01021 ) . with a = 0, is zero for all choice of data, if and only if the 
integral 

E{uiU 2 lwo)'ipu^ {ui)duidu 2 dl 

L(F)\L(A) U 2 (F)\U 2 {A) Ui(F)\Ui{A) 

is zero for all choice of data. Here Ui is the maximal unipotent subgroup of Spin-/ which is em¬ 
bedded in F 4 as a Levi part of a maximal parabolic subgroup. The character is the Whit¬ 
taker character dehned on Ui. Thus, if u G Hi is written as u = xiooo(^"i)3:^oioo(?"2)2^ooio(?"3)'w', 
then %Ijuz = + r2 + r^). The group U2 is generated by all {a:Q,(r)} where 

a G {(1111); (0121); (1121); (1221); (1231); (1232); (1242); (1342); (2342)} 

Finally, the group L is generated by all {a:Q,(r)} such that 

a G {-(1122); -(0122); -(0011); -(0001)} 

This integral is similar to the integral fl^S]) . We proceed in a similar way as in the case of 
the unipotent orbit C^. Since the computations are similar, we shall omit them. To state 
the conditions we obtain, we consider the integral 

(104) j E^^^^\u{)i;uAui)dui 

UPF)\UPA) 

Here U{B^) = 1/01,02,03- have. 

Proposition 24. Let £ denote an automorphic representation of E^IA) such that: 

1) The representation £ has no nonzero Fourier coefficients associated with the unipotent 
orbits i/i(ai) and E 4 . Also, integral fll04p is zero for all choice of data. 

2) The representation £ has a nonzero Fourier coefficient associated with the unipotent orbit 
-^ 4 ( 02 ) which is given by integral (11031) . 

Then the representation a is a nonzero cuspidal representation of the group SO^^A). 
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As in the previous case, we can rephrase the nonvanishing computation in terms of identity 
fISS]) . In this case we have 

° ( 3 ) = -^4(^2) 

4.3.3. The Unipotent Orbit C' 3 (ai). The diagram corresponding to this unipotent orbit 
contains nodes which are labelled one, and hence we use the integral fl74|) where the theta 
representation is dehned on the double cover of Spq{A). It follows from [C] that the stabilizer 
of this unipotent orbit is a group of type Ai. In this case it is the group SL 2 {A), and accord¬ 
ing to the choice of character which will be specified below, we have SL 2 =< a:±(oioo) >• 
From the embedding of this copy of SL 2 inside Sp^, we deduce that the representation a is 
dehned over the double cover of SL 2 . 

Since our goal is to study the vanishing or nonvanishing of certain Fourier coefficients, it 
is enough to study integral fl7^ . Thus we need to describe the group U'^ and the character 
'ipu,u^ that we choose. From the description of the diagram associated with this unipotent 
orbit, it follows that [/a = fAn.aa- Let U'^ denote the subgroup of [/a which consists of 
all roots in ?7 a deleting the three roots (0010); (0011); (1000). Thus dimf/^ = 19. The 
character dehned as follows. For u' G U'^ write u' = XQi 2 i{ri)xiiio{r 2 )xiiii{r‘i)u''. 

Then '0t/,M^(u') = '0(’"i + ^2 + r^). Denote V = Ua and V = U'^. The one dimensional 
torus associated with this orbit is hc^(ai)it) = h(t®, t®,f^). The one dimensional torus of 

the copy of SL 2 which is the stabilizer of 'ipu,u^ is ^( 1 ,^, 1 , !)• If we multiply these two tori 
elements, we obtain hp^(a 3 )it)- 

Thus, the integral we need to consider is given by 

(105) j j E{v'xoioo{r))'ipu,ui,{v’)'4){l5r)dv'dr 

F\A V'{F)\V'{A) 

Here /? G F. We start with the case when /? 7 ^ 0. In this case, the above integral is equal to 

j E{u)'tpu,uA'>j)du 

Uc^{F)\Uc^{A) 

where now the character is a character of the group Ua 2 , and is given as follows. Write 
M G f /„2 as u = Xoi 2 i(D)a:iiio(?^ 2 )a:iiii(r 3 )a;oioo(^^ 4 )M'- Then '4)u,uM = '4){ri + r 2 + rz + jdr^). 
It follows from subsection 2.2.1 that this Fourier coefficient corresponds to the unipotent 
orbit E^i^as). Indeed, in the notations of equation ([9]), the character 4’u,ua corresponds to 
the character 'iI^Ua,a,b with 
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Solving the equations given in flTOj) . we obtain that the only solution is the trivial solution. 
Hence, the above character is associated with the unipotent orbit In the 

notations of equation fISSD we proved 


C^{ai){£) o (2)^ — 


Next we consider the cuspidality of the lift. Thus, we need to compute integral (1105^ with 
/3 = 0. Let wq = tc[1234213]. Conjugating by this element, integral (llObh is equal to 


(106) 


E{uiU2lwo)'ipUi {ui)duidu2dl 


L{F)\L(A) U2{F)\U2iA) Ui{F)\Ui{A) 

Here f/i is the unipotent subgroup of Sp^ which is generated by all where a = 

such that rii = 0 and deleting the simple root a 2 - Thus dim Ui = 8 . The character is 
dehned as follows. Write ui = xoooi(?"i)a;oiio(?" 2 )a;ooii(?" 3 )M'i- Then 'ipuAui) = i){ri + r 2 + rs). 
We mention that this Fourier coefficient of the group corresponds to the unipotent orbit (42) 
in the group SpQ. The group U 2 is generated by all {a;Q,(r)} such that 


a e {(1122); (1221); (1222); (1231); (1232); (1242); (1342); (2342)} 


Finally, the group L is generated by all one dimensional unipotent elements {xQ(r)} such 
that a e {-( 1000 ); -( 1100 ); -( 1110 ); -( 1120 )}. 

We perform 4 root exchange as explained in subsection 2.2.2. First, we exchange —(1110) 
with (1220), then —(1120) with (1121), —(1100) with (1111) and —(1000) with (1110). Then 
we expand the integral we obtain along the unipotent group {xiooo(^^i)a;iioo(^^ 2 )a^ii 2 o(’^ 3 )}- 
Thus, integral fll06p is equal to 

(107) / E / / E{u3U2lWo)^pu^{Ul)^pa,b,ci'^3)dUldU3dl 

L(A) '^’^’^^^U3{F)\U3{A) Ui{F)\Ui(A) 

Here U 3 = Ua 2 ,a 3 ,a 4 ,- The character is dehned as follows. Write an element M 3 = 

Xiooo{mi)xiioo{m 2 )xii 2 o{m^)u'^. Then = 'ipiarrii + bm 2 + cm 3 ), where a,b,ce F. 

There are several cases to consider. First assume that a = 6 = c = 0. Then, in integral 
(110711 . the integration over is the constant term of the function E along the unipotent 
group U 3 . If a = 6 = 0 and c 7 ^ 0, then the combined integration over Ui and U 3 contains as 
inner integration the Fourier coefficient corresponding to the unipotent orbit ^ 4 ( 01 ). Finally, 
if (a, b) 7 ^ (0, 0) then we obtain, as inner integration, the Fourier coefficient corresponding 
to the unipotent orbit ^ 4 ( 02 ). 

We summarize 


Proposition 25 . Let S denote an automorphic representation of F^A) such that: 

1 ) The representation £ has no nonzero Fourier coefficients associated with the unipotent 

108 










orbits -^4(01) and -^4(02) as given above. Also, the representation £ does not support the 
constant term along the group U0,2,as,on 

2 ) The representation £ has a nonzero Fourier coefficient associated with the unipotent orbit 
-^4(03) which is given by integral (11051) . 

Then the representation a is a nonzero cuspidal representation of the group SL2{A). 


4.3.4. The Unipotent Orbit B2. The diagram of this unipotent orbit contains nodes which 
are labeled with a one. Thus the descent in this case is given in terms of the integral fl74]l . 
Here the theta representation is dehned on the group Sp^. Also the stabilizer is a group of 
type Ai X Ai. Since the embedding of SL2 x SL2 in Sp^ does not split, the representation 
a is an automorphic representation of SL2{A) x SL2{A). 

In the notations of equation d74|) . let Ua = To determine the conditions for the 

non vanishing and for the cuspidality, we may instead consider integral fl76|l . Thus, in the 
notations of that integral, let U'^ denote the subgroup of 11 ^ 2 ,as where we omit the roots 
(0001) and (0011). The character V’c/,ua dehned as follows. For u' = Xiiio(ri)xoi 22 (^" 2 )w'i 
let = '!/'(’"! + ^ 2 )- With this choice of character the maximal unipotent subgroup of 

the stabilizer, which is SL 2 x SL 2 , is given by {xqioo(’^ 1 ) 2 ^ 0120 (^ 2 )}- Denote V = Ua and 
V’ = U'^. We have hB2{t) = h{t^,F^,F,F). The corresponding torus element of the above 
copy of SL 2 X SL 2 is h{l,f^,t, 1). Hence the product is hp^(^as)if)- Therefore, to study the 
nonvanishing of this construction we consider the integral 

E{v'xmQo{nii)xm2o{ni2))'tpu,uA'^')i’{(^^i + rn2)dv'dmidm2 

(F\A)2 V'(F)\V'{A) 

Here a G F*. Exchanging the root (1000) by (0110) as explained in subsection 2.2.2 we 
obtain the integral 
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E{uXlooo{r))^pu,a{u)dudr 


A U{F)\U{A) 


Here U = Ua^^as,aA the character ipu^a is dehned as follows. For an element u = 
xoim{ri)xiiio{r2)xoi2o{rf)xoi22{r4)u' dehne 'tpu,a{u) = ii{ari + r 2 + rs + r^). In the nota¬ 
tions of subsection 2.2.1 this corresponds to the character with 



Solving the equations given in (fTOj) . we obtain that the only solution is the trivial solu¬ 
tion. Hence, the above character ipu^a is associated with the unipotent orbit E^^af). In the 
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notations of equation (l85i) we proved 


B 2 {^) o ( 2 | 2 )a — -^4(03)0 

Here by (2|2) we denote the unipotent orbit of SL 2 x SL 2 which corresponds to the Whittaker 
coefficient of this group. 

To study the cuspidality of the lift, we need to consider two constant terms. One along the 
unipotent group {a:oi 2 o(’"i)} and the other along {xoioo(^ 2 )}- However, these two matrices 
are conjugate under the Weyl element w^. Moreover, this Weyl element normalizes the group 
V and the character 'ipu,UA- Hence it is enough to consider the integral 

E{v'xoi 2 o{m))'ipu^uAi'>^')dv'dm 

F\A V'{F)\V'{A) 

Let Wo = w[12?)A21\ and conjugate in the above integral by this Weyl element. Then the 
above integral is equal to 

E{uiU 2 lwo)'ipUi {ui)duidu 2 dl 

L{F)\L(A) U2{F)\U2{A) Ui{F)\Ui{A) 

Here Ui is the unipotent subgroup of Spo which is generated by {xa{r)} where 

a e {(0001); (0110); (0011); (0111); (0120); (0121); (0122)} 

The character is dehned as follows. Write Ui = Xoooi(^i) 2 ^oi 2 o(’" 2 )w'i. Then %Iju^{ui) = 
'0(ri + r 2 ). The group U 2 is generated by all {xa{r)} such that 

a e {(1122); (1222); (1231); (1232); (1242); (1342); (2342)} 

Finally, the group L is generated by all {^^(r)} such that 

a e {-(1000); -(1100); -(1110); -(1120); -(1220)} 

First we exchange roots as follows. Exchange —(1220) with (1221), —(1120) with (1121), 
-(1100) with (1220), -(1110) with (1111) and -(1000) with (1120). Then we perform a 
Fourier expansion along the roots (0100); (1100) and (1110). Then, the above integral is 
equal to 

(109) y y y E{u4U3lW0)'4!u3A^3)'ll^UiAc{.Ui)dUidu3dl 

L(A) “’^’‘'!74(F)\C/4(A) U3iF)\U3{A) 

Here U 3 is the unipotent subgroup of Spo generated by Ui and the group {a;oioo(^)}- The char¬ 
acter 'il:u 3 ,a is dehned as follows. Write U 3 = Xoooi(’^ 1 ) 2 ^ 0120 (’^ 2 ) 2 : 0100 (’^ 3 )m 3 - Then 'il^UsA^s) = 
'ip{ri+r 2 +ar 3 ). The group f /4 is generated by U 2 and the unipotent group {a:iioo(^i)^iiio(’" 2 )}- 

To dehne the character 'ilJu 4 „b,c write U 4 = a;iioo(^"i)a;iiio(^" 2 )w 4 - Then = 'ip{bri+cr 2 ). 
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In the notations of snbsection 2.2.1 which describes the characters of ^ 4 ( 02 ), the character 


corresponding to the integral fllUbp . corresponds to the character ' 0 ! 7 a,a, 7 i .72 where 


a\ 

b 

c 

\ / 


(71,72) = ( 1 , 0 ) 


There are several cases. Assume hrst that 6 , c 7 ^ 0. Then, we obtain as inner integration, 
a Fourier coefficient which correspond to the unipotent orbit ^ 4 ( 02 ). Indeed, from the 
description of the action on the set of characters, as described in subsection 2 . 2.1 it follows 
that the stabilizer is a hnite group. The same happens if a, c 7 ^ 0 but 6 = 0 and similarly if 
a, 6 7 ^ 0 but c = 0. In all other cases we either get a Fourier coefficient which corresponds 
to a unipotent orbit which is either ^ 4 ( 01 ) or F 4 , or we get the constant term along the 
unipotent radical of the maximal parabolic subgroup whose Levi part is GSp^. 

We proved. 


Proposition 26 . Let S denote an automorphic representation of F^IA) such that: 

1 ) The representation £ has no nonzero Fourier coefficients associated with the unipotent 
orbits F4, ^4(01) and ^4(02) as given above. Also, the representation £ does not support the 
constant term along the group Faj,03,04 

2 ) The representation £ has a nonzero Fourier coefficient associated with the unipotent orbit 
F 4 (a 3 ) which is given by integral (11081) . 

Then the representation a is a nonzero cuspidal representation of the group SL2{A) x 
^2 (A). 

4.3.5. The Unipotent Orbit A 2 + A 1 . The diagram corresponding to this orbits has nodes 
labelled with ones, and hence we use integral (174)) with a suitable theta representation. In 
this case we denote = Uai^a 2 ,a 4 and let U'^ denote the subgroup of Ua generated by 
all roots in Ua omitting a G {(0010); (0110); (0011)}. Thus dim Ua = 17. We define 
the character as follows. Write u' G Ua as u' = a;oi 22 (’"i)a^ii 2 i(’" 2 )a^i 22 o(’" 3 )w". Then 

dehne = V'(’"i + 1^2 + ’"s)- The stabilizer of this orbit is the group SL 2 , and we 

can choose the embedding inside F 4 , such that its standard unipotent subgroup is the group 
x(r) = Xiooo{r)xoioo{pir)xiioo{p2r)xQooi{r). Here pt G F*. 

The torus corresponding to this orbit is given by = h{t‘^,t^,t^,t^). The torus of 

the above SL2 is given by h{F, f^, 1 , t), and hence their product is h(t^, f®, t"^). Conjugat¬ 

ing by the Weyl element tc[23], we obtain the torus attached to the orbit ^ 4 ( 03 ). 

Ill 








Given, z E F, we consider the integral 


( 110 ) 


E {v' x{r))'ipu,u^{v')'ip{zr)dv' dr 


F\A V'{F)\V'{A) 


where we denoted V = U'^. Since the computations in this example are quite involved, we 
will only sketch part of them. In other words, we will show that when z ^ 0 then we do 
obtain the Fourier coefficient associated with the unipotent orbit ^ 4 ( 03 ). However, we also 
get other terms which corresponds to unipotent orbits which are greater than ^ 4 ( 03 ), and 
also some constant terms. 

We start with the root exchange, (0120) with (1100), then (0121) with (0001) and then 
(1120) with (0100). Conjugating by w[23] we obtain the integral 


( 111 ) J j E{uiw\^3]l)'il)Ui,z{ui)duidl 

L{A)Ui{F)\Ui(A) 

Here L is the unipotent group generated by all {^^(r)} where a E {(0120); (0121); (1120)}. 
The group Ui is the subgroup of omitting the two roots (0100) and (0110). Thus 

dimf/i = 18. To define the character V'c/i.z, write Ui = Xiioo(?"i)xiiii(r 2 a:ii 2 o(^ 3 ) 3 ^ 0122 (^’ 4 )^}. 
Then 'ipui,z{ui) = 'ip{zri + r 2 + r 3 + r 4 ). 

Next we expand the above integral along { 0 : 0100 (^ 1 ) 3 ^ 0110 (^ 2 )}, and we obtain that integral 
fillII) is zero for all choice of data if and only if the integral 

j E{u)'lpu,z,m,n{u)du 

is zero for all choice of data. Here, U = Uai,a3,a4, and the character 'ipu,z,m,n is dehned as 
follows. Write 


u = Xnoo{ri)xnii{r2)xn2o{r3)xoi22{r4)xoioo{r5)xoiio{r6)u[ 

Then 'ipu,z,m,n = 'ipizri + r 2 + rs + r 4 + mr^ + nrg). In general position, this Fourier coefficient 
corresponds to the unipotent orbit F^i^a^). Indeed, in the notations of subsection 2.2.1 the 
above character corresponds to the character 'iIjua,a,b with 

m n \ /I 

H = I ml B = \ 1 

Solving the equations flTOl) with 


9i= \bi 



0-2 

as 

hi 

b2 

bs 

Cl 

C2 

C 3 


hi = 


a b 
c d 
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we obtain four variables 62, ci, C2, C3 which satisfy the system 

zb 2 — (2n + z‘^)ci — 3mc2 — zc^ = 0 
377162 — mzci — nc 2 — Smcs = 0 
27762 + ( 3777 ^ — nz)ci + 2mzc2 — 277C3 = 0 

All other variables which appear in [gi, hi) are determined by these four variables. Since we 
always have the trivial solution, we set C3 = 62 + C4, where C4 is a new variable. We then 
obtain the system 

— (277 + z‘^)ci — 3mc2 — ZC 4 = 0 
—mzci — nc 2 — 3777 C 4 = 0 
( 3777 ^ — nz)ci + 2 mzc 2 — 2 nc 4 = 0 

This system has a nontrivial solution if and only if the determinant of the matrix corre¬ 
sponding to this system is zero. In this case we obtain the determinant 

f{m, 77, z) = —27m^ -f-1877777^2: + 4777^2:^ -|- 477 ^ -|- 77^2;^ 

Thus, for those values of 777,77 and 2; such that f{m,n,z) 7^ 0 , the above Fourier coefficient 
corresponds to the unipotent orbit ^4(03). To analyze the other orbits we need to solve the 
equation f{m,n,z) = 0 . We claim that in this case we obtain Fourier coefficients which are 
associated to all unipotent orbits which are greater than ^4(03). We demonstrate this claim 
in the case when 777 = 77 = 0 . In other words, we consider the Fourier coefficient 

( 112 ) j E{u)'4)u,zflfi{u)du 

U(F)\U(A) 

For fixed si, S2 G F, this integral is zero for all choice of data if and only if the integral 

E{ux-omi{si)x-iooo{s2))i)u,zfifi{u)du 

U(F)\U(A) 

is zero for all choice of data. Conjugate these two elements to the left. Recall that U = 
Uai,a3,a4- Siucc thesc elements are inside the Levi subgroup of Pai,a3,a4, this conjugation 
preserves the group U. We do however need to determine how this conjugation effects the 
character 'ipu,z,o,o- To do that we consider the conjugation 

2^-0011 (~'Si)2^-iooo(~'S2)a;iioo(^" i)a^iiii(^" 2)2^0122 (^4)2^1122 (^^)a^-ooii(’Si)a;_iooo (52) 

Conjugate a;_ooii(<Si) across a;ii22(^^)- We obtain 

a^-ooii(--Si)a;_iooo(-S 2 )a:iioo(^^i -"i-Si)a;iiii(r 2 -f 777 Si)a;oi 22 (r 4 )a;-ooii(si)a:ii 22 (r 77 )a;_iooo(-S 2 )Mi 
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Here ui E U is a. product of one dimensional unipotent subgroups {xa{r)} such that 
' 0 c/,z,o,o('Wi) = 1 and a is not any of the above roots. Changing variables ri —>■ ri + ms\ 
and then r2 ^ r2 — msi, we obtain the character 

iJu,z,sus2iu) = 'ipizri + r2 + ra + r4 + zmsl - msi) 

We further conjugate x_ooii(si) to the left, and we obtain 

^-100o(~'S2)a:iioo(?"l + 2 r 2 Si)Xiiii(r 2 )a;oi 22 (^" 4 ) 2 ^ 1122 (^^) 3 ^- 100 o('S 2 )'W 2 

where U2 is dehned in a similar way as ui. Changing variables ri ri — 2r2Si we obtain the 
character 

+ ^2(1 - 2^Si) + rs + r4 + m{zsl - Si)) 

Finally, conjugating by x_iooo(’S2) we obtain 

Xiioo{ri)xiiii{r 2 )xm 22 {ri - ms 2 )xii 22 {m)u^ 

Changing variables r4 —)■ r4 + ms2 we obtain the character 

V'c/,z,si,52 (“) = + r2(l - 22 ;si) + rg + r4 + m{zsl - Si + S2)) 

Choosing si and S2 such that 1 — 2 zsi = 0 and zs\ — Si + S2 = 0 , we deduce that integral 
flll2p is zero for all choice of data if and only if the integral 

j E{u)'ilJu,z{u)du 

U(F)\U(A) 

is zero for all choice of data. Here 'ipu^z is dehned as follows. For u E U, write u = 
xnoo{ri)xn2o{r2)xoi22{r3)u'. Then = '^Ari + r2 + r^). To proceed, we conjugate by 

the Weyl element wq = w [ 432341 ]. Thus, the above integral is equal to 

E {u2Uilwo)'ipu^^z{ui)duidu2dl 

L{F)\L{A) U 2 iF)\U 2 iA) Ui{F)\UiiA) 

Here Ui is the unipotent subgroup of GSpin^f generated by all {xQ,(r)} where 

a e {(0100); (0110); (0120); (1000); (1100); (1110); (1120); (1220)} 

The character ' 0 c/i,^ is dehned as follows. Write Ui = Xqioo(^ 1)2^0120(^1)2^1000(^a)'^!- Then 
V’Ui.z = + F2 + r^). The group U2 is generated by all {xQ,(r)} such that 

a e {( 1111 ); ( 1121 ); ( 1221 ); ( 1231 ); ( 1222 ); ( 1232 ); ( 1242 ); ( 1342 ); ( 2341 )} 

and the group L is generated by {xa(r)} where a E { — ( 0011 ); —( 0001 ); —( 0122 )}. 
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As explained in subsection 2 . 2.2 we exchange the root —( 0122 ) with ( 1122 ), then —(0001) 
with (0121) and —(0011) with (0111). Thus, the above integral is equal to 


E {u 2 Uilwo)'il}Ui,z{,ui)duidu 2 dl 


L{A) U3{F)\U3iA) Ui{F)\UiiA) 


Here U 3 is the unipotent group generated by U 2 and {xa{r)} where a is a root in the set 
{(0111); (0121); (1122)}. The next step is to expand the above integral along {a;ii 22 (^")}- 
We obtain 


J^J J J 

L{A) °'^^F\AU3{F)\U3{A) (7i(F)\C/i(A) 


E{u2Xoi22{m)uilwo)'ipUj^^z{ui)'ip{am)duidmdu2dl 


If a 7 ^ 0 then the inner integration is a Fourier coefficient which corresponds to the unipotent 
orbit ^ 4 ( 02 ). When a = 0 we further expand along the unipotent group {a:oooi(?^i)a^ooii(^^ 2 )}- 
Any nontrivial character corresponding to this expansion yields a Fourier coefficient attached 
to the unipotent orbit ^ 4 ( 01 ). The trivial character contributes the integral 


(113) 


J^Uai, 0 , 2,013 


{uilwo)'4!u3,z{ui)duidl 


L{A) Ui{F)\UiiA) 


To summarize this case, we deduce that the Fourier coefficient given by integral flllOp . 
when expressed in terms of Fourier coefficients associated with unipotent orbits of F 4 , has a 
contribution from all unipotent orbits which are greater than the orbit ^ 4 ( 03 ). We also get 
the constant term flllSp as a summand. 


4.3.6. The Unipotent Orbit A 2 . Let V = Ua^^a 2 ,a 3 - Thus dimU = 15. We dehne a 
character xjjy as follows. Write v = 2)0121 (’"i)a)iiii(r 2 )n'. Then dehne + ‘^ 2 )- As 

follows from [C], the stabilizer inside Spinj of this character is the exceptional group G 2 . 
The embedding of the standard unipotent subgroup of G 2 is given as follows 

{xiooo{m)xooio{-m); Xoioo{m); Xiioo{m)xouo{-m); Xuio{m)xoi2oi-m); Xu2o{m); Xi22o{m)} 

The unipotent subgroups which corresponds to the simple roots are {xiooo(^) 2 )ooio(—''^)} 
and {xoioo(’^)}- The group G 2 has two maximal parabolic subgroups, and we will denote 
by Ui and by U 2 their unipotent radicals. More precisely, we let 

Ui = {xoioo{m); Xiioo{rn)xoiio{-m); Xuio{m)xoi2o{-m); Xu2o{m); Xi22o{m)} 

and 

U 2 = {xiooo{m)xoow{-m); xiiQo{m)xoiiQ{-m); xiiiQ{m)xoi2o{-m); xu2o{m); xi22o{m)} 
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We start by computing the unipotent radical along Ui. We expand the constant term along 
{3^iooo(^)^ooio(~''^)}) and we obtain the integral 

(114) J J J E{vXlooo{m)xoolo{—m)ul)^jJv{v)^jJ{'ym)dmduldv 

Ui{F)\Ui{A) '^^^F\AV{F)\V{A) 

Write integral fllldp as 

( 115 ) / ^ / / E{vz{mi, 1712, m 3 )y{li, h, l 3 ))'iliv{v)'il^{imi)dmidljdv 

(F\A)5 '^^^F\AV{F)\V{A) 

Here z{mi,m 2 ,m 3 ) = xiooo{rni)xoow{-mi)xiioo{m 2 )xoiio{-m 2 )xiuo{m 3 )xoi 2 o{-m 3 ), and 
y{h,h,h) = a^oioo(^i)a^ii 2 o(^ 2 )a^i 22 o(^ 3 )- Next we consider a certain Fourier expansion, and 
we apply the root exchange process as explained in subsection 2 . 2 . 2 . 

We start by expanding the above integral along the unipotent group {(riiio(?" 3 )}- We then 
apply the root exchange process with the unipotent group {a;oiii(p 3 )}. Thus, in the notions 
introduced right after (l26ll . we exchange the root (1110) by the root (0111). We repeat this 
process two more times. First we exchange (1100) by (0011), and then (1000) by (0001). 
After that, we conjugate by the Weyl element Wq = tc[13234]. Then integral (11151) is zero 
for all choice of data if and only if for each 7 G F, the integral 

j j E{v3U3)lpVi,'y{v3)dV3dU3 

Ui(F)\Ui{A) V3(F)\Vi(A) 

is zero for all choice of data. Here, 7 G F, and V 3 is the unipotent subgroup generated by 
{a;Q,(r)}, where a is in the set of roots 

{( 0100 ); ( 0001 ); ( 0011 ); ( 0110 ); ( 0120 ); ( 0111 ); ( 0121 ); ( 0122 )} 

Thus V 3 is a subgroup of S'pe embedded inFi as the Levi part of Po 2 ,« 3 , 04 - Denote ^/(C'a) = 




012,0:3,0:4 • 


The group U 3 is the subgroup of [/(Cs) generated by all roots in U{C 3 ) accept for 
the roots (1120) and (1000). Thus dimt /3 = 13. The character " 0 ^ 3,7 is defined as follows. 
Write V 3 = 0)0001 (?^i)(Coiio(?^ 2 )a;oi 2 o(?’ 3 )^’ 3 - Then 7 ( 1 ) 3 ) = V’(i’i + 1’2 + 7 ’^ 3 )- Next we expand 
along the unipotent group { 0 : 1120 (i*)}- Thus, we obtain the integral 


(116) 


E 

y&F, 


E{xii2o{r)v3U3)ipv3n{'^-A)'<P{l^r)dv3drdu3 


U3(F)\U3(A) F\A V3(F)\V3{A) 

There are two cases. First, the contribution of each summand when 7 ^ 0 to the integral 

(11161) . produces a Fourier coefficient which corresponds to the unipotent orbit ^ 4 ( 02 ). In the 

summand, where (3 = 0, we further expand along {o:iooo(’")}- Depending on 7 , the nontrivial 

orbit contributes Fourier coefficients which corresponds to unipotent orbits ^ 4 ( 01 ) and F 4 . 
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The trivial orbit produces an integral of the type 

j E’^^^^\v3)‘lpV3,-y{v3)dV3 
V3{F)\V3{A) 

The computation of the constant term along the unipotent group U 2 is similar and gives 
the same result. We record this as 

Proposition 27 . Suppose that the representation £ has no nonzero Fourier coefficients which 
corresponds to the unipotent orbits F^, F^^ai) and ^ 4 ( 02 ). Suppose also that is zero 

for all functions E ^ 8. Then the automorphic representation a is a cuspidal representation. 

Next we consider the nonvanishing of the descent. Here we have two cases to consider. 
The hrst, is when the lift is generic. The integral we consider is 

E{vz{mi,m2, m3)y{li, I 2 , l3))'fv{v)'ip{li + mi)dmidljdv 

(F\A)6 V(F)\y(A) 

where the notations are dehned in flllSp . As in the part of the cuspidality, we start with some 
roots exchange ( See subsection 2 . 2 . 2 ). First, we exchange (0001) by (1110), then (0011) by 
(1100) and (0111) by (1000). Thus, the above integral is equal to 

E{viyl{ri,r2, r3))'ijjvi {vi)f)Y{y)dydvidrk 

A3 Y(F)\Y(A)V3(F)\VPA) 

Here Vi is the subgroup of V consisting of all roots in V omitting the roots (0001); (0011) and 
(0111). Thus dim Vi = 12. Next, Y is the maximal unipotent subgroup of Spinj as embedded 
in F 4 as the Levi part of Thi, 02 , 03 - Thus, the roots in Y are all nine roots in F 4 of the form 
niai + n 2 a 2 + ^. 303 . The character 'ipy is dehned as 'ipYiv) = t/’y( 3 ^ 1000 (^ 1 )^ 0100 (^ 2 ) 2/0 = 
'fin +r 2 ). Finally, we have /(ri,r 2 ,r 3 ) = a;oooi(n)a:ooii(n)a:oiii(r 3 ). 

We have hj^{t) = h(t^, t®, t®, t^). We are computing the Whittaker coefficient of the lift, 
which corresponds to the unipotent orbit of G 2 whose label is 02 - The corresponding torus, 
as embedded in F 4 , is /i(/:®, t®, 1). Thus the product of these two tori is h{t^^, t^^, t^'^, F). 

Conjugating by tn[234] we get h(t^^,t‘^^,£^,t^) which is equal to hFi(a 2 )if)- If is convenient 
to conjugate by tn[3234] and thus, integral flllTp is equal to 

E{v2XiooQ{mi)x-Qi2o{m2)w[?,2M]l{ri,r2,r3))f)v2{v2)dv2dmidrk 

A3 (F\A)2 V2{F)\V2{A) 

Here, V 2 is the unipotent subgroup of F 4 whose dimension is 19 and consists of all positive 

roots in F 4 omitting the roots (1000); (0010); (0110); (0120) and (0121). The character 'ifv 2 

is dehned by 'fv 2 {v 2 ) = 'fv 2 {xooo\{ri)xoiQo{r 2 )xiiio{r 3 )xii 2 o{ri)v 2 ) = -(/^(n + r 2 + r 3 + r 4 ). 
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Next we exchange the root —(0120) by (0121) and (0110) by (1000). Then we expand the 
integral along the nnipotent snbgronp {a:oi2o(^)}- Thns, the above integral is eqnal to 

J j E{v^xiQOQ{mi)x_Qi2o{m2)w[?,2M]l{ri,r2,r‘i))iJv3A^^)dv^drnidrk 

V 3 (F)\V 3 iA) 

Here V3 is the nnipotent snbgronp of F4 which consists of all positive roots omitting the two 
roots (1000) and (0010). Thus, dim V3 = 22. Also 

^V3,/3(^3) = 'il^V3A^oooi{ri)xoioo{r2)xiiio{r3)xoi2o{r4)xu2o{r5)v'^) = -(/^(n + r2 + rs + /dr^ + rs) 

Arguing as in |Ga-Sj . the above integral is nonzero for some choice of data if and only if the 
integral 

(118) ^ j E{v 3 )' 4 )v 3 A'v^)dv 3 

^^^V3(F)\V3{A) 

is not zero for some choice of data. In the notations of subsection 2.2.1 the group V3 = Uai,a3, 
and the character ijjv3,i3 is dehned by 

i^V3A'^‘i) = i^{z{mi,ni2)y{ri, ..., reAs) = ^'("^1 + n + ^’4 + /dr5 + re) 

For 7 G F, write ^(^3) = F(n3a;ooio(7)3^ooio(—7)) and conjugate the element 0:0010(7) 
to the left across V3. Changing variables will change the character V’yj,/?. We write down 
the commutation relations needed for the above conjugation [xiiio(r), a:ooio(s)] = o:ii2o(2rs); 
[a:oiio(^^),a:ooio(s)] = a:oi2o(2rs); [a:iioo(’^),a:ooio(s)] = a:iiio(’’s)a:ii2o(’’'S^) and the relation 
[3:0100(?^),3:0010(5)] = 3:0110 (?^s)3:oi2o(?^ 52). The conjugation 0:0010(-7)^^33:0010(7) transforms 
the character '{pv3,/3 to the character 

^(mi + (1 + /dA)ri + (A - 7)r2 - 2/djr3 + (1 - 27)r4 + jdre + re) 


Notice that only when 7 = 1 and fd = —1, then the coefficients of ri and r 2 are zero. Choose 
7 = 1. We separate the sum in (11181) into two summands. First, consider the contribution 
when (d = —1. Performing the above conjugation, we obtain 


F (1:33:0010 (l))^l(^’3)<^^’3 


where 


V3{F)\V3{A) 


AAs) = i’irrii + 2r3 - r4 - rs + re) = ip{mi + tr 


2 -1 

-1 1 


r3 r4 

re re 


The group GL 2 A) which contains the group SL 2 A) =< x±iooo(’") > acts on the group V 3 . 

2 — 1 \ 

Since the matrix ( ., I is invertible, we can find a suitable matrix in 5 G GL 2 A), such 
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that the above integral is equal to 


j E{vs5xooloil))^|J2{v3)dV3 

V3{F)\V3{A) 

Here ^/J 2 iv 3 ) = ip{mi + r 4 + r^). 

Consider the Weyl element wq = ta[1234213]. Using the fact that E{g) = E{wog), we 
conjugate this Weyl element to the right in the above integral, and we obtain 

E{vila{mi, ..., m^)gi)'iljL{l)dv^dldmi 

(F\A)5 L(F)\L(A) Vi{F)\Vi{A) 

Here /x = r(;o^ 2 :ooio(l); and L is the maximal unipotent subgroup of S'pg embedded in E 4 as 
the Levi part of Pa 2 ,a 3 ,a 4 - The character is the Whittaker character of L. In other words, 

L (x 0100 (h) X 0010 {h)x 0001 ih) I') = + ^2 + h) 

The group V 4 is the unipotent group generated by all {xQ,(r)} where a is a root in 
{(1122); (1221); (1222); (1231); (1232); (1241); (1342); (2342)} 

Finally, we have 



a(mi,..., ms) = x_iooo("ii)x_iioo(m2)a:_iiio(m3)x_iiii(m4)x_ii2o(m5) 


Next we consider hve root exchanges. First, we exchange —1120 by 1220. Then, —1111 by 
1121 , -1110 by 1120, -1100 by 1110 and -1000 by 1100. After these roots exchange, we 
expand the integral along {xiooo(’"i) 3 ;iiii(r 2 )}. Thus, the above integral is equal to 

J ^ j j E{v5la{mi,... ,m5)iJ,)i>Lil)iJv5,i3,'y{v5)dv5dldmi 

AS f^^^^PL{F)\L{A) V5iF)\V5iA) 

Here V 5 = U{C^) where U^C^) was dehned right before equation flllOp . Also, we dehne the 
character 'ipV 5 ,i 3 ,'y{v 5 ) = 'ilJL{xiQ 0 Q{ri)xiii\{r 2 )v'^) = 'ip{/3ri + 'jr 2 ). There are several cases to 
consider. First, if (/9,7) = (0,0) then we obtain the integral 

(119) J J E^^^^\v^la{mi, ... ,m^)g)'ipL{l)dldmi 

A5 L{F)\L{A) 

When 7 7 ^ 0, then after conjugating by the Weyl element tc[21] we obtain a Fourier coefficient 
corresponding to the unipotent orbit ^ 4 ( 04 ). When 7 = 0 and /? 7 ^ 0, we obtain a Fourier 
coefficient which corresponds to the unipotent orbit E 4 . 

Returning to integral (11181) . so far we analyzed the contribution from the term (3 = —1. 
We still need to consider the integral 


E 

-M/36F, 


E{v^)ipV3A'^^)d'Vz 


V3{F)\V3{A) 
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It follows from the description of the action on the group characters of V 3 (F)\V 3 (A), as given 
in subsection 2.2.1, that each summand in the above integral is a Fourier coefficient asso¬ 
ciated with the unipotent orbit ^ 4 ( 02 ). This completes the computations of the Whittaker 
coefficient of the descent. 

The next case to consider is when the descent has no Whittaker coefficient. In other 
words, the Fourier coefficient corresponding to the unipotent orbit whose label is G 2 , is zero 
for all choice of data. In this case, since cr is a cuspidal representation, it has a nonzero 
Fourier coefficient associated with the unipotent orbit G2{ai). These Fourier coefficients are 
described in ng. Consider the unipotent group Ui introduced at the beginning of this 
subsection. We introduce coordinates on this group as follows. Let 

m(ri,... ,r 5 ) = Xoioo(ffi)a^iioo(-’’ 2 ) 3 : 0110 (’^2)a:iiio(-r'3)a:oi2o(’^ 3 ) 2 ^ 1120 (’^ 4 ) 2 : 1220 (’^s) 

Following HH, we dehned three characters on this group. For u E U dehne '0 i(m) = 
i>{r 2 ra); 'ip 2 ,a{u) = 'ip{ari + r^) and ip'i,b,c{u) = ip{cri + br 2 + Vi). Here a,b,cE F*. 

As above, the one dimensional torus corresponding to the unipotent orbit A 2 is h^^(t) = 
and hG 2 {ai)(t) = 1). Hence the product of these two tori elements is 

^F 4 {a 3 )it) = f®,f^). The Fourier coefficient we need to calculate is given by 

E {vui)'ipv {v)'ipui{ui)dvdui 

Ui{F)\Ui{A) V{F)\V{A) 

where V’c/i is any one of the three type of characters introduced above. As in the above 
computations, we hrst perform two root exchange as explained in subsection 2.2.2. First, we 
exchange the root (0001) with the root (1110), and then exchange the root (0011) with the 
root (1100). Thus, the above integral is equal to 

E{uxoooi (ri)xooii (’’2 ))’/’[/a {u)dridu 

A2 t/A(F)\f/A(A) 

Here A = {ai, a 2 , a 4 } and is a character of U/\{F)\U^{A) which is determined by the 
character as follows. Write an element u E Ua as u = y{ri, ... ,rQ)z{mi, ... ,mQ)u' as 
right before (IH]) in subsection 2.2.1. If ^|Ju4 = then 

= tl^uAiviE, ■ ■ .,re)z{mi,... ,me)u') = i){r^ + mi+m2 + m^) 

If ^pUl = '02,a then 0(7^ (u) = 0(ari + + m 2 + m^). Finally, if 'ipui = i^3,b,c then 0 Ua(«) = 

^(cri + Tf, + hull + m3 -|- mi). 

We summarize 

Proposition 28 . Let £ denote an automorphic representation of F4{A), and consider its 
descent to the exceptional group G2{A). 
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a) Then, the Whittaker eoeffieient of the descent is a sum of Fourier eoeffieients correspond¬ 
ing to the unipotent orbits ^ 4 ( 02 ), ^ 4 ( 04 ), F 4 and the constant term integral flll9p . In other 
words we have 

A2{S) O G2 = -^4(02) + -^4(01) + F4 +CTF 4 ,Pa 2 ,^ 3 ,c 4 [( 6 )sp 6 ] 

b) The Fourier coefficient of the decent which corresponds to the Fourier coefficient of G 2 
whose label is (^ 2 ( 01 ) corresponds to the Fourier coefficient F/^{a^). In other words 

A 2 {S) o G2(ai) = -^4(03) 

5. Construction of Small Representations in F 4 

In this Section we construct a few examples of small representations 8 defined on the 
group Fi{A). By definition, we define a representation to be a small representation if it is 
not generic. We will consider two examples which are constructed by means of residue repre¬ 
sentations of Eisenstein series. Let r denote a generic irreducible cuspidal representation of 
GSpq{A). Denote by L^{t, Spinj, s) the eight dimensional partial Spin L function attached 
to T. It follows from ra. ivi and 103] that if this L function has a simple pole at s = 1, 
then the representation r is a lift from a generic cuspidal representation tt of the exceptional 
group G 2 (A). Let denote the Eisenstein series defined on F 4 which is associated 

with the induce representation Ind^^^^rdQ. Here Q = Pa2,a3,a4 is the maximal parabolic 
subgroup of F 4 whose Levi part is GSp^. The poles of this Eisenstein series are determined 
by L^{t, Spring, 8 s — 4)L'^(r, St, 16s — 8 ). It follows from the assumption of r, that the Eisen¬ 
stein series has a simple pole at s = 5/8. Let 8 r denote the residue representation at that 
point. 

To construct a second example, let r denote an irreducible cuspidal representation of 
GL2{A), and let tt denote an irreducible cuspidal representation of GL^i^A). Let ET-^T,{g,s) 
denote the Eisenstein series of F 4 associated with the induced representation I‘nd^l^^^{T x 
7 r) 5 |j. Here R is the maximal parabolic subgroup of T 4 whose Levi part contains the group 
SL 2 X SL^ generated by {a;±(iooo)(’"); a:±(ooio)(’"); a;±(oooi) (’")}• The poles of this Eisenstein 
series are determined by 

L^{t X TT, 5(s — l/2))L‘^(Sym^r x tt, 10s — 5)L‘^(r, 15(s — l/ 2 ))L'^( 7 r, 20s — 10) 

Assume that tt is the symmetric square lift of r. Then the degree nine partial L function 
//•^(Sym^r x tt, 10s — 5) has a simple pole at s = 3/5. If also L^{t x tt, 1/2) is not zero, then 
the Eisenstein series Er^T,{g, s) has a simple pole at s = 3/5, and we shall denote by 8 r,n the 
residual representation at that point. We prove 

Proposition 29. With the above notations, we have 0(8t) = G 3, and 0(8^,-^) = -^ 4 ( 03 ). 
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Proof. We start with the representation Sr- We need to prove two things. First we need 
to prove that Sr, has no nonzero Fonrier coefficients which corresponds to the nnipotent 
orbits which are greater than the nnipotent orbit C 3 or not related to it. It follows from 
[C] that we need to prove that Sr, has no nonzero Fonrier coefficients which corresponds 
to the nnipotent orbits 53 , ^ 4 ( 02 ), F 4 (ai) and F 4 . This we prove by a local argument. In¬ 
deed, let n be a hnite place such that the local constituent of Sr, which we denote by 
{Sr)u, is unramihed. Thus {Sr)u = ■ Here B is the standard Borel sub¬ 

group of F 4 , and X is an unramihed character of B. We omit the reference to u in the 
notations. Let T be the maximal torus of F4, and we parameterize it as h(fi, ^ 2 , ^ 3 , ^4)- As¬ 
sume that x{h(ti,t 2 ,t 3 ,ti) = Y\Xiifi) where Xi ci-re unramihed characters. We assume that 
r is a lift from the exceptional group G 2 - Thus, the eight parameters of the Spin repre¬ 
sentation are X 2 X 3 (p), X 2 (p), X 3 (p), 1 , 1 , X 3 ^(p) where p is a generator 

of the maximal ideal in the ring of integers of Fy. From this we obtain the two relations 
X1X2X3 = X1X2X3X4 = 1- Let Wo = w[1213423]. Then 

Here ^ 2 ,^ 3 ,^ 4 )) = Xf‘^X 2 '^Xl‘^Xf^{h)xlx^{ti) and B^ is the Borel subgroup of GL^ 

which contains the copy of SL^, generated by {a;±(iooo)a:±(oioo)(?")}• Hence, Ind^x^p^^B'^ 
which is isomorphic to Ind^*{xdp^)'^° 6 ^J'^ = Ind ^where L is the parabolic sub¬ 
group of F 4 whose Levi part is generated by T and SL^ =< a:±(iooo)(^)) 2 ;±(oioo)(^) >• From 
this we conclude that is a constituent of Indp^x^p^^s'^ where now we view 

as a character of L. 

We now proceed as in [G-R-S5j . To prove that Sr has no nonzero Fourier coefficient with 
respect to a certain nnipotent orbit, it is enough to show that {Sr)y has no nonzero local 
functional which share the same invariant properties as the Fourier coefficient. From the 
above discussion, this corresponds to showing that Ind ^has no embedding inside 
Ind^fjv, where V is the nnipotent group, and ifjy is the character, which are associated 
with the nnipotent orbit in question. For example, ii O = F 4 , this corresponds to the 
case where V is the maximal nnipotent subgroup of F4, and ijjv is the Whittaker character. 
Since Ind ^^has no nonzero Whittaker character, it follows that {Sr)y has no nonzero 
corresponding functional, and hence Sr has no nonzero Fourier coefficient with respect to 
the nnipotent orbit F4. Next we consider the nnipotent orbit B^. The Fourier coefficients 
corresponding to this orbit are described right after Proposition |23l Thus, to prove the corre¬ 
sponding local result, it follows from Mackey theory that it is enough to prove the following. 

Given an element g in the space L\F4/V, there is an nnipotent subgroup contained 
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in V such that 'ipv{xa{r)) ^ 1 and gXa{r)g~^ G L. It follows from the dehnition of xfjy as 
given before fll04p . that it is not trivial on {x„(r)} where a G {(1000); (0100); (0120); (0122)}. 
Let w be an element in L\F 4 ^/SL^V where SL^ =< a;±(ooio)(r); a:±{oooi)(’") >• Then w can 
be chosen as a Weyl element. Thus, every representative of L\F 4 ^/V can be written as wh 
where w G L\F 4 /V, and h G SL 3 . If t(;(1000) > 0, then choosing a = (1000) we obtain 
whxiooo{r){wh)~^ G L. This follows from the fact that {xiooo(^)} commutes with the above 
copy of SL^. This eliminates most representatives in L\F 4 ^/SL^V^ and we are left with the 
following nine Weyl elements: 

w[321]; '«;[4321]; w[324321]; w[3214321]; w[321324321]; w;[4321324321]; 

w[324321324321]; w[3214321324321]; w[321324321324321] 

Thus we need to consider elements of the form wh where w is one of the above nine Weyl 
elements, and h G SL^. We have whw~^ G L for w as above and B is the Borel subgroup 
of SL^. Also, as follows from the description of the orbit right after Proposition 12^ the 
group SO 3 embedded in SL^ stabilizes the character 'ipv Thus we may take h G B\SL^/SO^. 
Representatives of this space of double cosets are 

A = (e; tc[3]; tc[4]; r(;[34]xooii(r); w[43]xooii(?^); w[ 434 ]xoooi(n)a:ooii(’^ 2 )} 

Going over all above nine Weyl elements w and all possible elements in the set A we can 
hnd a root a such that '0v(xQ,(r)) 7 ^ 1 and that {wa)Xa{r){wa)~^ G L for all a E A. For 
example, for the Weyl element w [321324321], the root (0122) is suitable for all a E A. Thus 
we deduce that £r has no nonzero Fourier coefficient with respect to the unipotent orbit R 3 . 
The other two orbits left are ^ 4 (^ 1 ) and ^ 4 (^ 2 ) are done in a similar way, and we shall omit 
the details. 

Next we prove that Sr has a nonzero Fourier coefficient which is associated to the unipo¬ 
tent orbit C 3 . In Section 2 this Fourier coefficient was described. We recall it now. Let 
V denote the unipotent subgroup of F 4 generated by all {xa(r)} where we exclude the 
roots (1000); (0100) and (0010). Then the Fourier coefficient associated with the unipo¬ 
tent orbit C3 is given by integral fl73|) where 'ipv is as follows. Write v E V as v = 
a^iiio(ri)xoi 2 o(r’ 2 )a^oooi(r’ 3 )x'. Then tjjviv) = '0(ri + r 2 + r^). We shall assume that inte¬ 
gral fl73]) is zero for all choice of data, and derive a contradiction. This assumption implies 
that the integral 

E (xoioo {rn)v)'ipv {y)dvdm 



F\AV{F)\V{A) 
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is zero for all choice of data. Let wo = ta[1234231]. Then E{woh) = E{h) for all E G Sr- 
Thus, we obtain that the integral 


( 120 ) 


E{uiViliWo)'ipUi {ui)duidvidli 


Li(F)\Li(A) Vi{F)\Vi{A) Ui{F)\Ui{A) 

is zero for all choice of data. Here Ui is the maximal unipotent subgroup of Sp^ embedded 
inside T 4 . The character is the Whittaker character of Ui- The unipotent group Vi is 
generated by all {xair)} where a is in the set 


{(1122); (1221); (1222); (1231); (1232); (1242); (1342); (2342)} 


The unipotent group Li is generated by all {x_Q(r)} where a is in the set 


{( 1000 ); ( 1100 ); ( 1110 ); ( 1111 ); ( 1120 )} 


In the following computations we will use the process of roots exchange. See subsection 2.2.2 
for details. Expand integral fll20p along the unipotent group xi 22 o{jn). For all 7 G F we 
have by the left invariant property of E, that F(x_ii 2 o( 7 )h) = E{h). Arguing as in fl93|l and 
(jMp . we collapse summation with integration, and deduce that integral (I120p is equal to 


( 121 ) 


E{uiV2l2X-u2o{m)wo)'ijjUi{ui)duidv2dl2dm 


A L2{F)\L2(A) V2{F)\V2{A) Ui{F)\Ui{A) 


Here V 2 is the unipotent group generated by V} and {xi 22 oij')}i and L 2 is the subgroup of 
Li generated by all roots in V excluding the root —(1120). Next we expand integral (11211) 
along the unipotent group {xn 2 i(mi)xn 2 o(m 2 )}. Using the group {x_(iiii)(ri)a:_(iiio)(r 2 )}, 
integral fll 2 ip is equal to 


( 122 ) 


E{uiV3l3z{mi,m2, m^)wQ)'ilJui{ui)duidv^dl^drnj 


A3 Li{F)\Li{A) V3T)\V3(A) Ui(F)\Ui(A) 


Here z{rni,m 2 ,m^) = a;-(ii 2 o)(nri)a;_(iiii)(m 2 )x_(iiio)(m 3 ) and the group V 3 is generated by 
V 2 and {xii 2 i(r), Xii 2 o(^")}- The group L 3 is generated by all {x_Q(r)} where a is in the set of 
roots {(1000); (1100); (1110)}. Arguing as in [Ga-S] we deduce that integral ( 11221 ) is zero for 
all choice of data if and only if the inner integration over the group f/i, V 3 and L 3 is zero for all 
choice of data. Next we expand the inner integration along the unipotent group {)riiii(r)}. 
The contribution from the nontrivial orbit is zero. Indeed, this contribution produces a 
Fourier coefficient which is associated to the unipotent orbit ^ 4 ( 02 ). By the hrst part of the 
Proposition, the representation Sr do not have a nonzero Fourier coefficients corresponding 
to this unipotent orbit. Hence we are left with the contribution of the constant term. As 
in the expansions in integrals (I12ip and (I122p we expand along {xiiio(r)} and use for it 
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the group {a:_(iioo) (?")}• Then we repeat the same process with {xiioo(?")} and {x_(iooo)(^)}- 
Hence, the integral 


(123) 


E{ulV^)^lJJJ^ {ui)duidvi 


Vi{F)\Vi(A) Ui(F)\UiiA) 

is zero for all choice of data. Here V 4 is the unipotent subgroup of U{C^) generated by all 
Xa{r) G U{Cz) excluding the root (1000). Here U{C^) = Pa 2 ,« 3,«4 • Finally, we expand 
integral fll23p along the unipotent group a^iooo- The nontrivial orbit contributes zero, since 
the Fourier coefficient obtained is associated with the unipotent orbit F 4 . Thus we are left 
only with the constant term. From this we deduce that the integral 


(124) J E^^^^\u^)^l;uAu,)du, 

Ui{F)\Ui{A) 

is zero for all choice of data. However, from the dehnition of Sr and from the fact that 
r is generic this is a contradiction. This concludes the proof of the Proposition for the 
representation Sr- 

Next we consider the representation Sr, it- For simplicity we shall assume that r has a 
trivial central character. Since we assume that L'^(Sym^r x tt, 10s — 5) has a simple pole at 
s = 3/5, this means that vr is the symmetric square lift of r. Thus, if (<£^T, 7 r)i/ is the unramihed 
constituent of Sr,n at a hnite place z/, then it is isomorphic to Ind^xd][^^6^^“^. Here x is the 
character of T given by x(h(fi, f 2 , ts, ^ 4 )) = X^{titzti)x~‘^id 2 ) which is extended trivially to 
B. Let wq = tc [2132134324]. Then 


Here /ix(h(ti, ^ 2 , ^ 3 , ^ 4 )) = ^(^ 2 ) and B 2 x B^ is the Borel subgroup of the Levi part of the 
maximal parabolic subgroup R. Arguing as in the previous case, we deduce that {Sr,-K)u is 
the unramihed constituent of . 

To prove that O^Sr^r) = -^ 4 ( 03 ) we hrst need to prove that Sr,n has no nonzero Fourier 
coefficient associated with any unipotent orbit which is greater than ^ 4 ( 03 ). This is done 
by showing that the local constituent {Sr,TT)u at an unramihed hnite place cannot support a 
suitable functionals. This is done by a double coset argument in the same way as for the 
representation Sr, and hence will be omitted. 

To complete the proof we need to show that Sr,TT has a nonzero Fourier coefficient associated 

with the unipotent orbit ^ 4 ( 03 ). We hrst show that it has a nonzero Fourier coefficient 

associated with the unipotent orbit A 2 + Ai. To prove that we need to show that integral 

fl73l) is not zero for some choice of data. Here V is the unipotent group dehned as follows. Let 
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V = Uai,a 3 - Its dimension is 22. Let V be the subgroup of V' generated by all Xo(r) G V 
excluding the roots 


{( 0100 ); ( 1100 ); ( 0110 ); ( 1110 ); ( 0120 ); ( 1120 ); ( 0001 ); ( 0011 )} 


The character is dehned as follows. Write v E V a.s v = XQi 2 i{ri)x\iii{r 2 )x\ 22 o{,'r^)v'. 
Then t/’y(u) = + r 2 + r^). We shall assume that integral fl73p is zero for all choice of 

data, and derive a contradiction. Let Wq = t(;[213213432]. Using the left invariance property 
of U, we deduce that the integral 

(125) III E{uiViliWQ)'ipu3{ui)duidvidli 

Li(F)\Li(A) yi(F)\yi(A) Ui{F)\Ui(A) 

is zero for all choice of data. Here Ui is the maximal unipotent subgroup of SL 2 x SL^ 
which is contained in the Levi part of R. The character 'ipu^ is the Whittaker charac¬ 
ter of this group. The group Vi is generated by all {irQ,(r)} where a is a root in the set 
{(1242); (1232); (1122); (1121); (0122)}. The group Li is generated by all {x_Q,(r)} where 
a is a root in the set {(1221); (1220); (1100); (0110); (0100)}. Since integral fll25p is zero 
for all choice of data, then any of its Fourier coefficients is zero. Thus, we deduce that the 
integral 

(126) 

E(uiXi342(ri)x2342(r2)vihwo)'i/’Ui(ui)duidvidlidridr2 

(F\Ay Li(F)\Li(A) Vi(F)\Vi(A) Ui(F)\Ui(A) 

is zero for all choice of data. Next we expand integral fll26p along the unipotent group 
{a^i 23 i (?")}■ Using the unipotent group {a:_(i 22 i)(^")}, and arguing in a similar way as in the 
integrals (l93P and (l94p . we deduce that the integral 



B(uiV2l2X-(i22i) ('m)wo)'i/’ui {ui)duidv2dl2dm 

A L2{F)\L2(A) V2(F)\V2(A) Ui{F)\Ux{A) 

is zero for all choice of data. Here V 2 is the group generated by Vi and {xair)} where 
a is in the set {(1231); (1342); (2342)}. The group L 2 is the subgroup of Li excluding 
{^-( 1221 )(’")}• We can continue this process. The vanishing assumption implies either that 
any Fourier coefficient of the integral is zero, or we can perform, as above, Fourier expansions 
and use collapsing of summation with integration as in a similar way as in (19^ and (j9Tp . 
Eventually, we deduce that the integral 

(127) j j E^^^\uili)i)uAui)du3dh 

Li(A)C/i(F)\t/i(A) 



126 





is zero for all choice of data. Here U{R) is the unipotent radical of R. Arguing as in |Ga-S] 
we may deduce that the inner integration of integral 01271 ) is zero for all choice of data. 
However, from the dehnition of this is not so. Hence we derived a contradiction. 

From this we deduce that 0 {£r,-K) is at least A2 + Ai. In fact, we claim that 0 {Sr,n) 
cannot be equal to A2 + Ai. Indeed, suppose that there is an equality. The stabilizer of the 
unipotent orbit A2 + A1 is a group of type Ai. If we consider integral fl 71 |) which corresponds 
to the unipotent orbit A2 + Ai, it follows that the function f{g) dehnes an automorphic 
function of SL2{A). Hence, for some f 3 ^ F*, the integral 

/ •^((^ ^9^i^{f3x)dx 

F\A 

is not zero for some choice of data. This nonzero integral is a Fourier coefficient which 
corresponds to a unipotent orbit which is greater than A2 + Ai. 

Hence 0 (£r, 7 r) > A2 + A1 and 0 {Sr,TT) > 6*3(01). The stabilizer of the orbit 6*3(01) contains 
a split group of type Ai. Arguing in a similar way as above, we deduce that 0 {£T-,-n-) > 6*3(01), 
or that 0 {Sr,TT) > -64(03). But from the local argument introduced at the beginning of the 
proof, we know that 0 ( 6 ,-,tt) < -64(03). Hence we get 0 {Sr,n) = -64(03). 

□ 
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